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Abstract

Fluid–Structure Interaction (FSI) refers to a class of phenomena which describe the mu-
tual influence between fluid flows and deformable solids: the motion of one directly affects
the other by exchanging energy. Applications can be found across multiple disciplines,
from aeroelastic instabilities in airplane wings to blood flows in arteries.

FSI problems pose various numerical challenges due to their nonlinear, multiphysics nature
and the coupling between fluid and structure. The main issues that must be faced are
related to the geometrical and physical coupling, which must impose continuity of the
velocity and the stresses at the interface. Loosely coupled schemes offer computational
efficiency by decoupling the fluid and solid subproblems, but their stability and accuracy
in the incompressible regime are affected by the added-mass effect.

The purpose of this work is to explore a class of loosely coupled time-splitting schemes
based on Robin-like interface conditions. Building on prior work focused on Robin-Robin
coupling, we aim to establish energy-based stability criteria and derive a priori error
estimates for the Robin-Neumann scheme. Moreover, an alternative strategy will be
investigated, the Neumann-Robin scheme. The reversed coupling configuration is shown
to potentially enhance stability through additional damping effects on the structural side.

The analysis is conducted in a linearized setting for the first part. Later, we extend the
study to a non-linear problem with a moving domain. All the theoretical findings are
validated through a series of numerical experiments in 2D and 3D, which confirm the
effectiveness of the proposed schemes.

Keywords: Fluid-structure interaction, Robin-Neumann scheme, Neumann-Robin scheme,
loosely coupled scheme, stability analysis, a priori error estimates, added mass.





Abstract in lingua italiana

Le Interazioni Fluido-Struttura (FSI) rappresentano una classe di fenomeni che descrivono
l’influenza reciproca tra il flusso di un fluido e un solido deformabile: il moto di uno
influenza direttamente quello dell’altro, attraverso uno scambio di energia. Applicazioni
di tali fenomeni si ritrovano in numerose discipline, dalle instabilità aeroelastiche nelle ali
degli aeroplani al flusso sanguigno nelle arterie.

I problemi di FSI presentano notevoli difficoltà numeriche a causa della loro natura non
lineare e multifisica, oltre che per il forte accoppiamento tra le due componenti. Le prin-
cipali sfide riguardano la gestione dell’accoppiamento geometrico e fisico, che impone la
continuità delle velocità e delle tensioni all’interfaccia. Gli approcci debolmente accop-
piati offrono un’elevata efficienza computazionale grazie alla separazione dei sottoproblemi
del fluido e della struttura, ma la loro stabilità e accuratezza nel regime incomprimibile
possono risentire dell’effetto di massa aggiunta.

L’obiettivo di questa tesi è studiare una classe di schemi di tipo time-splitting debol-
mente accoppiati basati su condizioni al contorno di tipo Robin. A partire dai risultati
ottenuti per lo schema Robin–Robin, si sviluppano criteri di stabilità basati sull’energia e
si derivano stime d’errore a priori per lo schema Robin–Neumann. Verrà inoltre analizzata
una configurazione alternativa, lo schema Neumann–Robin, che si dimostra in grado di
introdurre un effetto di smorzamento aggiuntivo sul lato strutturale, migliorando poten-
zialmente la stabilità del metodo.

L’analisi è condotta inizialmente in un contesto linearizzato. Successivamente, lo studio
viene esteso al problema non lineare con un dominio deformabile in tempo. I risultati
teorici sono validati attraverso simulazioni numeriche bidimensionali e tridimensionali,
che confermano la validità e l’efficacia degli schemi proposti.

Parole chiave: Interazione fluido-struttura, schema Robin-Neumann, schema Neumann-
Robin, schema debolmente acccopiato, analisi di stabilitá, massa aggiunta.
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1| Introduction and motivations

Contents
1.1 The importance of FSI problems . . . . . . . . . . . . . . . . . 1

1.2 An overview on FSI problems . . . . . . . . . . . . . . . . . . . 2

1.2.1 Numerical resolution strategies . . . . . . . . . . . . . . . . . . 4

1.2.2 The added mass effect . . . . . . . . . . . . . . . . . . . . . . . 6

1.3 Previous works and proposed solutions . . . . . . . . . . . . . 6

1.4 Objectives of the thesis . . . . . . . . . . . . . . . . . . . . . . . 8

This chapter begins by illustrating real-life scenarios of fluid-structure interaction problem,
in order to highlight the importance of these phenomena. The discussion proceeds empha-
sizing the main modeling challenges, characterized by geometrical and physical coupling,
with an overview on the existing numerical approaches. It will highlight the added-mass
effect and how it influences on the stability of the schemes. The chapter concludes outlin-
ing the objectives of the thesis, and focusing on the methods and new contributions to the
field.

1.1. The importance of FSI problems

The oscillations produced by wind on a bridge, the trembling of an airplane wing during
a flight or blood pulses through vessels share an underlying phenomenon: the interplay
between fluids and structures. These events, referred to as Fluid–Structure Interactions
(FSI), are multiphysics phenomena in which a moving fluid directly interacts with a
deformable structure by exchanging energy. The momentum generated by the motion
of the fluid induces a structural deformation in the solid, which in turn modifies the
surrounding flow field, generating a two-way coupling that could give rise to complex
dynamics. It is evident that the fluid and structure behaviors are closely dependent: the
solid is not a passive boundary, but it actively participates in the whole dynamics.

Real-life scenarios modeled by FSI could be found across multiple disciplines. In civil
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Figure 1.1: Example of fluid-structure interaction simulations: wind streamlines around
a plane wing (on the left) and blood flow in the heart (on the right).

engineering, the interaction between fluid flows and bridges, tall buildings or offshore
platforms could lead to vibrations and eventually to a catastrophic failure. An emblem-
atic case is represented by the Tacoma Bridge collapse in 1940 an event in which aeroelastic
instabilities led to the dramatic failure of a major piece of infrastructure. Similar aeroe-
lastic phenomena, known as flutter and galloping [5, 42], are still central challenges in
structural and aerospace engineering. Indeed, these phenomena could compromise the
safety of airplanes: high speeds, flexible wings and resonance between wind and structure
could trigger the formation of critical oscillations. An example could be found in su-
personic aircrafts or turbine blades. To mitigate risks, engineers simulate fluid-structure
interactions in wind tunnels in order to identify any potential instability and make the
necessary adjustments. In biomedical engineering, where blood flowing through arteries
and veins thanks to heartbeat pumps constitute another crucial example [22, 29, 50]. Sim-
ulations of blood flows that continuously deforms vessel walls are fundamental in order
to model pathological conditions and designing medical devices, like stents, plaques, or
heart valves, tailored to each patient [4, 15, 61]. Figure 1.1 shows a couple of examples
of FSI simulations.

Therefore, there is the need of introducing accurate FSI mathematical and numerical
methods, not only for academic purposes, but to extends the research field to aereospace
and mechanical industries, as well as medical labs.

1.2. An overview on FSI problems

A fluid-structure interaction problem is characterized by four components:

(i) a fluid, governed by the equations of fluid dynamics in a domain Ωf;

(ii) a solid, governed by the equations of solid mechanics in a domain Ωs;
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Figure 1.2: Schematic representation of a fluid–structure interaction problem with an
internal flow Ωf and a thick deformable structure Ωs, separated by an interface Σ.

(iii) the interface between the fluid and solid domain, where suitable coupling conditions
must be enforced;

(iv) the fluid domain Ωf, which is itself an unknown of the problem.

An illustrative example of an FSI problem configuration is shown in Figure 1.2.

The fluid is usually modeled as incompressible and viscous, governed by Stokes or Navier-
Stokes equations, while the solid could considered as a deformable elastic body, governed
by the elastodynamic equations. In this context, a distinction is often made between
elastic and hyperelastic materials. Elastic models assume a linear relation between stress
and strain, which is accurate only for small deformations. On the other hand, hyperelastic
models are designed to capture large, nonlinear deformations. Moreover, it is relevant to
distinguish between thick and thin structures: the former occupies a volumetric region,
while the latter are modeled by a reduced-dimensional equation, which must accurately
capture the bending. Some examples of thick structures could be vascular walls, as they
are composed of several layers, while examples of thin structures are plates or shells.

Since the fluid and structure are dependent on each other, the coupling conditions come
in action on the interface. These conditions should enforce the kinematic continuity (mass
conservation), which guarantees that the velocity of the fluid matches the one of the solid,
as well as a dynamic equilibrium, imposing the balance of the stresses. The first condition
results in having no-slip and no-penetration constraints, so that no relative motion is
produced between the fluid and the structure. The second conditions ensure Newton’s
third law (principle of action-reaction).

From a numerical point of view, multiple challenges arise, related to the nonlinearities
and multi-physics nature of the problem. Immediately, two issues stand out:

(i) the intrinsic nonlinearity of the governing equations for the structure and the fluid
(constitutive nonlinearities);
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(ii) the treatment of the interface position (geometrical nonlinearity);

together with two different types of coupling:

(iii) the displacement of the structure must match the displacement of the fluid domain
(geometrical adherence);

(iv) the dynamic and kinematic coupling conditions must guarantee continuity between
the two subproblems (physical coupling).

1.2.1. Numerical resolution strategies

In order to solve the FSI system at the numerical level, the geometrical coupling and the
physical one must be clearly distinguished and treated.

Geometrical coupling. The problem of the interface position [46, 50] derives from the
fact that the fluid domain is not known a prior and it is itself an unknown of the prob-
lem. This requires suitable numerical strategies to handle the evolution of the interface:
on one hand, implicit approaches employing iterative methods, or explicit methods by
extrapolating the solution at the previous time-steps [1, 38, 45]. The explicit treatment
produces a limitation on the time-step in order to ensure stability [26].

One of the most used technique to deal with the geometric nonlinearity is the Arbitrary
Lagrangian-Eulerian (ALE) formulation [19, 40]. The core idea is to construct an hybrid
formulation combining the advantages of both the Eulerian (fixed mesh, well-suited for
fluids) and Lagrangian (moving mesh, well-suited for solids) formulations: the problem is
described on a moving domain, extending the displacement of the structure to the whole
computational mesh. When ALE is employed, particular attention must be given to the
mesh motion. Indeed, as the mesh follows the structural displacement, large deformations
may lead to highly skewed grid elements, affecting stability and accuracy of the flow solver.
Other limitations of this method are represented by topological changes of the domain,
such as contact or self-intersection. Strategies for mesh motion include harmonic extension
and adaptive remeshing techniques are often necessary, but they introduce additional
computational cost. Alternative approaches that have been developed are the fictitious
domain method and the immersed boundary method (IBM).

Physical coupling. On the other hand, regarding the physical coupling, two main
approaches have been developed and studied in the literature over the years: monolithic
approaches and partitioned (or segregated) approaches.
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Monolithic procedures allow to solve the fluid and solid problems simultaneously, in a
fully coupled implicit formulation. These methods guarantee a consistent treatment of
the interface conditions as they are naturally embedded in the global system. As a con-
sequence, monolithic approaches are proved to be characterized by an elevated degree of
stability and robustness. Despite these advantages, monolithic methods present signifi-
cant computational challenges. The unified formulation produces a nonlinear algebraic
system of very large dimension, which combine the ill-conditioning associated with in-
compressible fluid equations and the high stiffness of elastic solids. Efficient solution of
these systems requires advanced linear solvers, such as iterative methods enhanced with
block preconditioners [38] that exploit the natural partitioning between fluid and solid
unknowns, and multigrid techniques [3, 32] that accelerate iterative solvers by exploiting
grids of different resolutions to eliminate errors at all scales. Furthermore, the imple-
mentation of monolithic schemes is considerably demanding as they often require ad hoc
coding, which is typically less modular than two separate solvers. As a result, although
monolithic methods provide a highly stable framework, their practical use has been re-
stricted to academia, and it has not found solid ground in commercial and industrial
applications. Ongoing research is devoted to improving their computational efficiency
and scalability.

On the other hand, partitioned methods allow the independent solution of the fluid and
structure subproblems using separate solvers. The interfacial quantities, that is velocities
and normal stresses, are exchanged in a staggered manner, by introducing subiterations,
between the fluid and the solid at each time step. Within this framework, it is possible to
distinguish loosely coupled and strongly coupled methods. A scheme is said to be loosely
coupled (or weakly) if few subiterations are performed at each time instance. As a result,
the coupling conditions are not exactly satisfied at each time step, and the explicit nature
of these schemes may present to instability issues. On the contrary, when the number
of subiterations is sufficiently high so that the scheme becomes equivalent to the implicit
one up to a prescribed tolerance, the coupling conditions are satisfied exactly after time
discretization, and one says that the scheme is strongly coupled.

Therefore, it can be stated that both monolithic system and strongly partitioned schemes
lead to the same solution, satisfying the same interface conditions, up to a suitable toler-
ance. On the other side, partitioned schemes provide different solutions, very appealing
from the computational time, but possibly suffering from stability issues.

This thesis will focus on loosely coupled approaches for the physical scheme, as they are
particularly suitable for investigating different coupling strategies within a computation-
ally efficient framework. It will not deal with the geometrical coupling problem since in
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the linear case the computational domain remains fixed in time. In contrast, for the non-
linear problem, the geometrical coupling will be handled through an explicit treatment of
the ALE map.

1.2.2. The added mass effect

As the communication between the fluid and solid subproblem happens via the coupling
conditions, the most natural choice to handle the coupling is the Dirichlet-Neumann (DN)
partition. This follows directly by the structure of the coupling conditions: the kinematic
one can be perceives as a Dirichlet-type condition, while the dynamic condition can be
seen as a Neumann-like condition.

This formulation is particular sensitive to the added-mass effect [16, 31]. Indeed, the
interaction between solid and fluid could generate disturbances in the velocity filed causing
pressure variations. These variations act as additional forces on the structure and can
be interpreted as an artificial increase in its effective mass. The added-mass effect is
particularly destabilizing when the fluid and structure densities are comparable, as it
tends to amplify instabilities. When using a DN partition, the added mass is treated
explicitly. As a consequence, if the added mass is big compared to the actual structural
mass, the scheme could suffer of slow convergence and instabilities.

It is important to point out that the added-mass effect is manifested whether the fluid
is compressible or incompressible, but there is a significant different in its character, as
evidenced in [59]. When working with compressible fluids, the added mass is proportional
to the time step. On the contrary, the incompressibility constraint, while it ensures vol-
ume conservation, creates an added mass independent of the time step τ , and it reaches a
threshold when τ becomes smaller and smaller. Therefore, although such methods are fea-
sible in compressible settings (see, [21]), they are much more critical in the incompressible
regime.

1.3. Previous works and proposed solutions

In the literature, each of the above issues has been extensively investigated and many
solutions have been proposed. This section aims to discuss the most relevant contributions
in the field.

As mentioned before, the coupling conditions can be imposed implicitly [1, 2], where
the the fluid and structure unknowns at the current time step appear together in the
interface conditions, hence requiring iterative methods, or explicitly [9, 36, 37], in which
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information from previous time steps are employed. Since explicit method usually lead to
instabilities, implicit methods have always been preferred, even though the computational
cost increases a lot (see [18, 23, 34, 43]).

In order to contrast the computational cost of implicit methods, different strategies have
been proposed, such as fixed-point iterations or Newton-based approaches. Fixed-point
iterations are relatively straightforward but may require a large number of iterations to
converge and it exhibits linear convergence rates. An attempt to fasten the convergence
was done in [51] thank to the method of artificial compressibility : in simple words, the
incompressibility constraint is being relaxed by introducing an extra term named artificial
compressibility. Eventually, at convergence, this term must vanish.

On the other hand, Newton’s method offers quadratic convergence near the solution, at
the cost of a higher computational effort per iteration, since it requires the evaluation of
the Jacobian matrix at each time instance. In this framework, inexact Newton methods
have been proposed as a first solution. These methods are based on the idea of solving an
approximation of the linear systems: in [38, 57] the Jacobian is approximated using finite
differences, while in [34] the coupled tangent operator is substituted by a linear operator.
Later on, exact Newton methods have been addressed as a way to cope with the loss in
accuracy caused by inexact methods: in particular, [23, 24] introduce a new approach
that relies on linearized solvers to consistently compute the various Jacobian required in
Newton’s algorithm.

An alternative way of treating the coupling conditions is represented by semi-implicit
methods [26, 47]. The idea behind these methods is to create an implicit/explicit split-
ting: the added mass effect is treated implicitly, while the remaining contributions (geo-
metrical nonlinearities, dissipation and convection) are treated explicitly. In such a way,
algebraic fractional-step method, such as Chorin-Temam [17, 55] or Yosida [49], can be
adapted to solve FSI problems by splitting the explicit and implicit part. As a result, the
computational cost evidently drops.

On the other hand, in order to overcome issue the added-mass effect issue, modified in-
terface conditions have been introduced, but often without a rigorous theoretical error
analysis or convergence rates. Among them, Robin-type couplings have gained increas-
ing attention [1]. These conditions combine Dirichlet and Neumann data into a single
weighted relation, effectively blending velocity and stress information across the inter-
face. Therefore, the DN partition are a specific case of this class of methods, for a specific
choice of the wight α. The most common approaches that use Robin-like conditions are the
Robin-Neumann (RN) [8, 25, 28, 36] or Robin-Robin (RR) [1, 2, 10, 12, 13, 35] schemes.



8 1| Introduction and motivations

Both RR and RN schemes have been studied on thin and thick solids. In [25], the analysis
of RN on thick solid structures identified that this scheme may introduce a splitting error
that is not uniform with respect to the mesh size h. The proposed analysis led to the
conclusion that this accuracy loss is due to the non-uniformity in the discretization of the
elastic operator, induced by the thick solid wall itself.

In all these cases, when employing a Robin-like condition, it has been observed that the
careful selection of the Robin parameters (see [33, 37]) plays a crucial role: optimal tuning
can suppress the artificial amplification due to added mass and lead to stability properties
comparable to those of fully implicit monolithic solvers, but at a lower computational cost.
In [33], the optimal values for the Robin-Robin transmission conditions are found using
the optimized Schwarz method, where the objective is to minimize the reduction factor,
describing the error rate at each iteration. The values of the parameters differ based on
the model that has been considered.

In recent years, numerous studies have focused on achieving optimal convergence rates,
but most of them focused on the thin solid case. In [44], a novel coupled nonstationary
Ritz projection was introduced, enabling optimal convergence in the L2 norm. Subse-
quently, [54] proposed a stable scheme based on a carefully designed combination of the
Crank–Nicolson and BDF2 methods, along with a stress-type stabilization, achieving a
convergence rate of order O(τ 3/2). Recently, optimal accuracy has been achieved in a
linear setting with Robin-Robin conditions for the thick solid case in [13], showing linear
convergence rates.

An alternative to the classical coupling conditions is Nitsche’s method. It was originally
developed to impose weakly the coupling on the interface by including the kinematic and
dynamic conditions directly into the weak formulation of the problem, and it was later
extended to FSI problems, as in [9, 28]. It can be seen as a generalization of a Robin-
like condition, as the added terms represent a weighted penalization between stresses and
velocities, but the weighting term is chosen from the discretization and physical properties
of the problem. Moreover, this method allows the natural management of non matching
grids, as in [3].

1.4. Objectives of the thesis

In the framework of loosely coupled approaches, the present thesis builds upon the work
of [13] done on Robin-Robin coupling conditions, extending the stability and convergence
analysis to the case of time-splitting schemes for linear and nonlinear FSI problems based
on Robin-Neumann coupling conditions. In particular, it aims to
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(i) study the stability and provide a complete convergence analysis of the Robin-
Neumann scheme.

(ii) investigate a reversed coupling approach (Neumann-Robin loosely coupled scheme),
associating the Robin condition to the solid and the Neumann condition to the fluid.

(iii) evaluate the performance of these schemes on benchmark problems and compare
them with existing partitioned strategies, that is the Robin-Robin scheme.

The stability and convergence analysis are conducted in a linearized settings, both for the
Neumann-Robin and the Robin-Neumann scheme. Then the same schemes will be applied
on the nonlinear problem to show their performance in more complex configurations.

The choice of studying the reversed scheme is motivated by the similarity of the coupling
structure to the Robin-Robin setting. In fact, assigning the Robin condition to the solid
might introduce a stabilizing effect analogous to viscous damping, which enhances the
energy dissipation on the structural side. The stability analysis will show that this method
is conditionally stable for both the used time discretization schemes.

The theoretical results are supported by numerical simulations using:

• FreeFem++, a software development platform that provides a simple, yet powerful,
framework suited for the chosen linear test case;

• FELiScE1, a C++ library for FEM developed by the COMMEDIA project team at
Inria Paris, as the simulations of the nonlinear problem required a significantly
higher computational cost.

This thesis introduces some novelties to the study of loosely coupled schemes for FSI. In
particular, it addresses:

(i) a rigorous analysis of the convergence properties of the Robin-Neumann scheme on
the linear problem, confirming the expected linear convergence rate;

(ii) the first detailed investigation of the stability of the Neumann-Robin scheme in both
linear and nonlinear settings.

By establishing rigorous error bounds and testing these approaches in both linear and
nonlinear settings, this thesis aims to bridge the gap between the theoretical advances
achieved for Robin-Robin and Robin-Neumann couplings and the practical applicability
of partitioned methods in more general scenarios.

1Finite Elements for LIfe SCiences and Engineering: https://team.inria.fr/commedia/software/
felisce/

https://team.inria.fr/commedia/software/felisce/
https://team.inria.fr/commedia/software/felisce/




Part I

Linear Setting

The first part of this thesis is devoted to the analysis of a linear fluid-structure interac-
tion model. The primary objective is to rigorously investigate the stability and conver-
gence properties of loosely coupled time-splitting schemes based on Robin-Neumann and
Neumann-Robin interface conditions.

This part is structured as follows:

Chapter 2. It introduces the model problem, its variational and discrete formulation.
The stability analysis of the proposed method is also presented, including different choices
for the time discretization of the solid (Backward Euler and mid-point).

Chapter 3. It aims at presenting and exploring the effect of stability when reversing the
coupling conditions in the Robin-Neumann scheme, where the Robin condition is applied
to the solid and the Neumann condition to the fluid. The scheme will be proven to be
conditionally stable for both time discretizations.

Chapter 4. In this chapter, starting from the converge proof for the heat equation,
we provide a detailed convergence analysis of the Robin-Neumann scheme, establishing
sub-optimal to start, and later quasi-optimal error estimates in the energy norm.

Chapter 5. Finally, the numerical results are presented in order to validate the the-
oretical findings while varying different parameters, and comparing the results with the
Robin-Robin scheme. The results will confirm the expected linear convergence rate and
the improved accuracy achieved through the use of correction iterations.
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This chapter introduces the linear FSI model problem and its variational formulation.
We then derive fully discrete schemes based on different time discretizations for the cou-
pling conditions, focusing on backward Euler and mid-point schemes. Particular attention
is devoted to the stability properties of the resulting Robin–Neumann loosely coupled al-
gorithms, for which we provide a detailed analysis. We discuss the effect of correction
iterations as a strategy to enhance both accuracy and robustness.

2.1. Problem description

We consider a coupled problem given by a linear Stokes-elasticity system, where we sup-
pose that the solid undergoes infinitesimal displacements, and that the convective effects
are negligible in the fluid. We define a reference configuration Ω = Ωf ∪ Ωs, represented
by a rectangular tube Ωf = [0, L] × [0, R] and Ωs = [0, L] × [R,R +Hs], where Hs is the
thickness of the solid (see Figure 2.1). The interface between fluid and solid is denoted
by Σ. The remaining parts of the fluid and solid boundaries are indicated by Γf and Γs,
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respectively, such that ∂Ωf = Γf ∪Σ and ∂Ωs = Γs ∪Σ. The outward pointing normals of
∂Ωi are denoted as ni, for i ∈ {s, f}.

As the solid deformation is infinitesimal, the domain Ω can be considered fixed in time,
meaning also that the fluid-solid interface Σ does not move or deform during the simula-
tion. Therefore, there is no geometric coupling to be accounted for: the position of the
interface is prescribed and remains constant, so the fluid mesh does not need to be up-
dated to track the structure. In this setting, the coupling between fluid and solid is purely
physical, meaning that the interaction occurs only through the transmission of forces and
stresses across the interface, rather than through the motion of the geometry itself. This
simplification allows us to focus on the stability and accuracy of the numerical scheme
for the physical coupling without the additional complexity associated with moving or
deforming meshes.

Ωf

Ωs

Σ

Γs

Γf

nf

ns

Figure 2.1: Geometrical description of the computational domain for the linear problem.

For a given final time T > 0, we look for the velocity of the fluid u : Ωf × (0, T ) → R2 and
the pressure p : Ωf × (0, T ) → R, the displacement of the solid d : Ωs × (0, T ) → R2 and
the velocity of the solid ḋ : Ωs × (0, T ) → R2 that solve

ρf∂tu− divσf(u, p) = 0 in Ωf × (0, T ),

divu = 0 in Ωf × (0, T ),

u = 0 on Γf × (0, T ),

ρs∂tḋ− divσs(d) = 0 in Ωs × (0, T ),

ḋ = ∂td in Ωs × (0, T ),

d = 0 on Γs × (0, T ),

u = ḋ on Σ× (0, T ),

σf(u, p)nf = −σs(d)ns on Σ× (0, T ),

(2.1)

complemented with appropriate initial conditions: d(0, ·) = d0, ḋ(0, ·) = ḋ0 in Ωs and
u(0, ·) = u0 in Ωf. The symbol σf(u, p) refers to the Cauchy stress tensor, which describes
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the internal forces per unit area within a fluid due to pressure and viscosity µ. It is related
to the strain rate tensor ϵ(u), which is the symmetric part of the gradient of the velocity,
measuring the local deformation rate of the fluid, as in the following relation:

σf(u, p) := 2µϵ(u)− pI, ϵ(u) :=
1

2

(
∇u+ (∇u)T

)
. (2.2)

On the other hand, the symbol σs(d) stands for the linearized solid stress tensor, which
is assumed to be given in terms of d by

σs(d) := 2L1ϵ(d) + L2(divd)I, (2.3)

where L1 > 0, L2 ≥ 0 denote the so called Lamé coefficients of the solid, defined as:

L1 :=
E

1 + ν
, L2 :=

Eν

(1 + ν)(1− 2ν)
,

with E denoting the Young’s modulus and ν the Poisson’s ratio of the solid. Young’s
modulus E is a measure of the stiffness of the solid, while Poisson’s ratio ν describes the
ratio of transverse strain to axial strain in the material, characterizing its elastic behavior.

From a physical point of view, the boundary conditions, represented by (2.1)3 and (2.1)6,
impose respectively a non-penetration and no-slip condition for the fluid and a clamped
boundary for the solid. In hemodynamic, condition (2.1)6 would be normally replaced by
a Robin condition in order to model the surrounding tissue’s elasticity. However, here we
consider a simplified case imposing a homogeneous Dirichlet condition.

In addition to boundary conditions, the first coupling condition (2.1)7 is a kinematic
condition, which enforces the continuity of the velocities at the interface, so that the solid
and the fluid move together, preventing any slipping between the two. The second one
(2.1)8 is a dynamic condition, where the equilibrium of forces is imposed at the interface,
ensuring that the stress exerted by the fluid on the solid is equal and opposite to the
stress exerted by the solid on the fluid, following Newton’s third law.

2.1.1. Variational formulation

To obtain the variational formulation of (2.1), it is necessary to define the following
functional spaces:

Vs :=
{
v ∈ H1(Ωs) : v = 0 on Γs} ,

Vf :=
{
v ∈ H1(Ωf) : v = 0 on Γf} ,

M f := L2
0(Ω

f).

(2.4)
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Taking (ξ, v, q) ∈ Vs ×Vf ×M f as test functions and integrating over the corresponding
domains, problem (2.1) satisfies the variational formulation: find u(t) ∈ Vf, p(t) ∈ M f,
d(t) ∈ Vs and ḋ(t) ∈ Vs such that

ρs
∫
Ωs

∂tḋ · ξ + as(d, ξ) +
∫
Σ

λ · ξ = 0,

ρf
∫
Ωf
∂tu · v+ af((u, p), (v, q))−

∫
Σ

λ · v = 0,

(2.5)

for all (ξ, v, q) ∈ Vs×Vf×M f. Notice that in the previous formulation we have indicated
with λ = σf(u, p)nf (= −σs(d)ns) ∈ L2(Σ) the fluid normal stresses, obtaining from
integration by parts. The bilinear forms of the fluid and of the solid, respectively denoted
as af((u, p), (v, q)) and as(d, ξ), are given by

af((u, p), (v, q)) := 2µ

∫
Ωf
ϵ(u) : ϵ(v)−

∫
Ωf
p div v+

∫
Ωf
q divu,

as(d, ξ) := 2L1

∫
Ωs

ϵ(d) : ϵ(ξ) + L2

∫
Ωs
(divd)(div ξ).

It is relevant to notice that both the solid and fluid equation in (2.5) involve λ arising
by the dynamic condition (2.1)7. On the other hand, the the kinematic condition (2.1)8
remains explicitly in the formulation.

For future analysis, we also introduce the elastic energy norm of the solid:

∥d∥s =
√

as(d,d). (2.6)

2.1.2. Fully discrete formulations

Given a time step τ , let us define tn = nτ, n ∈ N, as well as the approximation in time of
the velocity un ≃ u(tn), of the pressure pn ≃ p(tn), of the solid displacement dn ≃ d(tn),
of the solid velocity ḋn = ḋ(tn) and of the fluid stresses λn ≃ λ(tn). For a general quantity
f , we introduce the notation

∂τf
n :=

fn − fn−1

τ
.

Then, problem (2.5) could be solved at each time instance

ρs
∫
Ωs

∂tḋ
n · ξ + as(dn, ξ) +

∫
Σ

λn · ξ = 0,

ρf
∫
Ωf
∂tun · v+ af((un, pn), (v, q))−

∫
Σ

λn · v = 0,

(2.7)
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where the coupling conditions (2.1)7,8 between the fluid and structure domainsun = ḋn

λn = −σs(dn)ns
on Σ

are enforced strongly by requiring that the test functions satisfy v = ξ on Σ. As a
consequence, when summing together the equations in (2.7), the terms related to the
fluid stresses cancel out.

For the spatial discretization, we define the finite element spaces Vf
h ⊂ Vf, Vs

h ⊂ Vs,
and M f

h ⊂ M f, such that dimVf
h < ∞, dimVs

h < ∞, and dimMf
h < ∞. In particular, we

consider a piecewise affine continuous finite elements, where we assume that the fluid and
solid meshes, respectively T f

h and T s
h , are fitted on the interface Σ. More precisely, the

spaces are:
Vs

h :=
{
v ∈ Vs : v|K ∈ P1(K), ∀K ∈ T s

h

}
,

Vf
h :=

{
v ∈ Vf : v|K ∈ P1(K), ∀K ∈ T f

h

}
,

M f
h :=

{
v ∈ M f : v|K ∈ P1(K), ∀K ∈ T f

h

}
.

(2.8)

Moreover, since the fluid and solid meshes must match at the interface Σ, it is necessary
to define the space

Vg
h := TrΣVf

h = TrΣVs
h

In mixed finite elements formulations with incompressible fluids, the pressure field acts
as a Lagrange multiplier for the incompressible constraint. The well-posedness of the
fully discrete problem relies on the inf-sup (or Ladyzhenskaya–Babuška–Brezzi) condition,
which requires the discrete space for velocities to be larger than the discrete space for
pressures. If this condition is not fulfilled, the discrete formulation may admit spurious
pressure modes: these are solutions to the Stokes equation but do not correspond to any
velocity field. In practice, this issue often arises when equal-order interpolation spaces are
used for both velocity and pressure, as we are supposing in (2.8). In order to accommodate
the lack of inf-sup condition, the fluid bilinear form is modified adding a pressure stabilized
bilinear form (see [7]):

af
h((uh, ph), (vh, qh)) = af((uh, ph), (vh, qh)) +

γph
2

µ

∫
Ωf
∇ph · ∇qh, (2.9)

with γp > 0 a user-defined parameter.

The fully discrete monolithic formulation is found in Algorithm 2.1.
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Algorithm 2.1 Monolithic scheme with BDF1 (MONO-BDF1)
Given u0

h,d
0
h, ḋ

0
h, ∀n ≥ 1, find (un

h, p
n
h,d

n
h, ḋ

n
h) ∈ Vf

h ×M f
h ×Vs

h ×Vs
h such that

ρf
∫
Ωf
∂τun

h · vh + af
h((u

n
h, p

n
h), (vh, qh)) + ρs

∫
Ωs

∂τ ḋ
n
h · ξh + as(dn

h, ξh) = 0

for all (vh, qh) ∈ Vf
h ×M f

h and ξh ∈ Vs
h, such that vh = ξh on Σ.

2.2. Loosely partitioned schemes

This thesis will focus on the discretization of problem (2.5) based on a loosely coupled
scheme, where we solve the fluid and solid subproblems separately, exchanging information
at the interface Σ at each time step.

We can choose different type of treatments to ensure the coupling conditions (2.1)7,8
based on linear combinations of the latter ones relying on Robin-like conditions. The use
of Robin interface conditions is based on the introduction of the so-called Robin parameter
α, which acts as a weight factor between the solid and fluid velocity [1, 36], leading to a
general interface condition of the form:

σs(d)ns + αḋ = αu− σf(u, p)nf.

Among the possible formulations, the two most used choices are: the Robin-Robin (RR)
scheme and the Robin-Neumann (RN) scheme, possibly, after time discretization, in their
explicit formulations, that is performing just one (or a few) iteration at each time step. In
the RR scheme, both the solid and the fluid are treated with Robin conditions, whereas
in the RN approach the fluid with a Robin condition and the solid with a Neumann
condition.

In particular, regarding the first choice, if a Backward Euler (BDF1) scheme is used both
in the solid and in the fluid, the explicit RR scheme, derived in [10], reads as follows:

RR-BDF1:

λn + αun = αḋn−1 + λn−1

σs(dn)ns + αḋn = αun−1 − λn−1
on Σ. (2.10)

Notice that in the previous conditions we have used the same parameter α to linearly
combine the kinematic and dynamic interface conditions. This is allowed since in the
second one we have used λ instead of σs(d), exploiting the dynamic condition.

The first equation represents the balance of the stresses in Robin form, blending the
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current solid velocity with the previous fluid velocity through α, while the second one
represents the update of the fluid stresses.

It is also possible to rewrite the same coupling conditions choosing a mid-point (MD)
scheme in the solid, while the fluid still advances with a BDF1 scheme. From now on,
this scheme will always be indicated with the only label MD. In particular, introducing
the approximation at the intermediate time-step tn−

1
2 for a general quantity f as

fn− 1
2 :=

fn + fn−1

2
,

and substituting it into (2.10), it yields to

RR-MD:

λn + αun = αḋn− 1
2 + λn−1

σs(dn− 1
2 )ns + αḋn− 1

2 = αun−1 − λn−1
on Σ. (2.11)

Regarding the second choice, that is the Robin-Neumann scheme, we have a linear com-
bination of the kinematic and dynamic condition only associated to the fluid problem.
The same idea can be applied on the other coupling choice: the Robin-Neumann scheme,
where a Robin condition is associated to the fluid subproblem, while a Neumann one is
associated to the solid subproblem. Therefore, in its explicit form, the interface conditions
read:

RN-BDF1:

λn + αun = αḋn−1 + λn−1

σs(dn)ns = −λn
on Σ,

RN-MD:

λn + αun = αḋn− 3
2 + λn−1

σs(dn− 1
2 )ns = −λn

on Σ.

(2.12)

(2.13)

The fully discrete formulation of the Robin-Neumann scheme is detailed in Algorithm 2.2
for BDF1 [27] and in Algorithm 2.3 for the mid-point in the solid. The fully discrete
formulations of the Robin-Robin schemes can be found in Appendix A.

The coupling conditions are presented with the appropriate ordering. For stability reasons
(see Section 2.3), the subproblem linked to the Robin condition must be always solved
first.

Note that the fluid stress updates in Algorithms 2.2 and 2.3 are directly derived from
the Robin-Neumann coupling conditions. Specifically, equation (2.15) originates from the
first equation of (2.12), while equation (2.18) corresponds to the first equation of (2.13).
It also should be noted that the interfacial stresses λn

h are omitted in any implementation:
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they are not unknowns of the problem, as they are reconstructed at each iteration and
used directly in the fluid and solid subproblem.

2.2.1. Correction iterations

It is relevant to point out that Algorithm 2.2 and 2.3 can be modified by adding correction
iterations (see [28]). This means that for each time instance, we iterate over the fluid and
solid subproblems until convergence, i.e. up to a suitable tolerance, or for a fixed number
of subiterations K ≥ 1.

After defining the notation

∂τf
n,k :=

fn,k − fn−1

τ
, for k = 1, . . . , K

where f is a generic variable, and fn,k is the approximation of fn at the k-th subiteration,
the semi-discrete formulation of problem (2.1), using BDF1 in the fluid and solid, reads:

ρfu
n,k − un−1

τ
− divσf(un,k, pn,k) = 0 in Ωf,

divun,k = 0 in Ωf,

λn,k + αun,k = αḋn,k−1 + λn,k−1 on Σ,

ρs ḋ
n,k − ḋn−1

τ
− divσs(ḋn,k) = 0 in Ωs,

ḋn,k =
dn,k − dn−1

τ
in Ωs,

σs(dn,k)ns = −λn,k on Σ,

for k = 1, . . . , K. The fully discrete formulation is detailed in Algorithm 2.4. Same
discussion applies to the mid-point scheme, and its fully discrete formulation can be
found in Algorithm 2.5.

Note that when K = 1, Algorithm 2.4 simply reduces to Algorithm 2.2, while Algo-
rithm 2.5 reduces to Algorithm 2.3. On the other hand, when K → +∞, the Robin
coupling condition enforces αun = αḋn in both algorithms. In the limit, the solution of
each algorithm converges to that of a fully implicit monolithic scheme, recovering strong
coupling at the interface.



2| FSI problem and Robin-based schemes 21

Algorithm 2.2 Loosely coupled scheme with Robin-Neumann interface conditions and
BDF1 time discretization (LC-RN-BDF1)
Given u0

h,d
0
h, ḋ

0
h,λ

0
h and α, ∀n ≥ 1:

1. Fluid subproblem: find (un
h, p

n
h) ∈ Vf

h ×M f
h such that

ρf
∫
Ωf
∂τun

h · vh + af
h((u

n
h, p

n
h), (vh, qh)) + α

∫
Σ

(un
h − ḋn−1

h ) · vh =

∫
Σ

λn−1
h · vh

(2.14)

for all (vh, qh) ∈ Vf
h ×M f

h.
2. Fluid-stress update: set λn

h ∈ Vg
h as

λn
h = λn−1

h + α(ḋn−1
h − un

h) on Σ. (2.15)

3. Solid subproblem: find (dn
h, ḋn

h) ∈ Vs
h ×Vs

h, such that ḋn
h = ∂τdn

h and

ρs
∫
Ωs

∂τ ḋ
n
h · ξh + as(dn

h, ξh) = −
∫
Σ

λn
h · ξh (2.16)

for all ξh ∈ Vs
h.

Algorithm 2.3 Loosely coupled scheme with Robin-Neumann interface conditions and
mid-point time discretization (LC-RN-MD)
Given u0

h,d
0
h, ḋ

0
h,λ

0
h and α, ∀n ≥ 1:

1. Fluid subproblem: find (un
h, p

n
h) ∈ Vf

h ×M f
h such that

ρf
∫
Ωf
∂τun

h · vh + af
h((u

n
h, p

n
h), (vh, qh)) + α

∫
Σ

(un
h − ḋ

n− 3
2

h ) · vh =

∫
Σ

λn−1
h · vh

(2.17)

for all (vh, qh) ∈ Vf
h ×M f

h.
2. Fluid-stress update: set λn

h ∈ Vg
h as

λn
h = λn−1

h + α(ḋ
n− 3

2
h − un

h) on Σ. (2.18)

3. Solid subproblem: find (dn
h, ḋn

h) ∈ Vs
h ×Vs

h, such that ḋ
n− 1

2
h = ∂τdn

h and

ρs
∫
Ωs

∂τ ḋ
n
h · ξh + as(dn− 1

2
h , ξh) = −

∫
Σ

λn
h · ξh (2.19)

for all ξh ∈ Vs
h.
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Algorithm 2.4 Loosely coupled scheme with Robin-Neumann interface conditions, BDF1
time discretization and K ≥ 1 correction iterations (LC-RN-BDF1-CI)
Given u0

h,d
0
h, ḋ

0
h,λ

0
h and α, for each time step n ≥ 1:

• Initialize iteration k = 0:

un,0
h = un−1

h , dn,0
h = dn−1

h , ḋn,0
h = ḋn−1

h , λn,0
h = λn−1

h .

• Repeat for k = 1, . . . , K:
1. Fluid subproblem: find (un,k

h , pn,kh ) ∈ Vf
h ×M f

h such that

ρf
∫
Ωf
∂τu

n,k
h · vh + af

h((u
n,k
h , pn,kh ), (vh, qh)) + α

∫
Σ

(un,k
h − ḋn,k−1

h ) · vh

=

∫
Σ

λn,k−1
h · vh

for all (vh, qh) ∈ Vf
h ×M f

h.
2. Fluid-stress update: set λn

h ∈ Vg
h as

λn,k
h = λn,k−1

h + α(ḋn,k−1
h − un,k

h ) on Σ.

3. Solid subproblem: find dn,k
h , ḋn,k

h ∈ Vs
h, such that ḋn,k

h =
dn,k
h −dn−1

h

τ
and

ρs
∫
Ωs

∂τ ḋ
n,k
h · ξh + as(dn,k

h , ξh) = −
∫
Σ

λn,k
h · ξh

for all ξh ∈ Vs
h.

• Update:
un
h := un,K

h , dn
h := dn,K

h , ḋn
h := ḋn,K

h , λn
h := λn,K

h .

2.3. Energy stability analysis

In this section we analyze the energy stability of the Robin-Neumann scheme for Algorithm
2.2 and 2.3. We will show that the choice of the time discretization on the solid has a
big impact on the stability of the scheme. In particular, Algorithm 2.2 is conditionally
energy stable, while Algorithm 2.3 is unconditionally unstable in the energy norm.

2.3.1. Stability for the LC-RN-BDF1 scheme

In the case of BDF1 time discretization, the result we obtain is that the scheme is condi-
tionally stable under a CFL-like condition, where the time step τ is bounded by a quantity
inversely proportional to the Robin parameter α. The precise statement is provided in
the following theorem.
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Algorithm 2.5 Loosely coupled scheme with Robin-Neumann interface conditions, MD
time discretization and K ≥ 1 correction iterations (LC-RN-MD-CI)
Given u0

h,d
0
h, ḋ

0
h,λ

0
h and α, for each time step n ≥ 1:

• Initialize iteration k = 0:

un,0
h = un−1

h , dn,0
h = dn−1

h , ḋn,0
h = ḋn−1

h , λn,0
h = λn−1

h .

• Repeat for k = 1, . . . , K:
1. Fluid subproblem: find (un,k

h , pn,kh ) ∈ Vf
h ×M f

h such that

ρf
∫
Ωf
∂τu

n,k
h · vh + af

h((u
n,k
h , pn,kh ), (vh, qh)) + α

∫
Σ

(un,k
h − ḋ

n− 1
2
,k−1

h ) · vh

=

∫
Σ

λn,k−1
h · vh

for all (vh, qh) ∈ Vf
h ×M f

h.
2. Fluid-stress update: λn

h ∈ Vg
h as

λn,k
h = λn,k−1

h + α(ḋ
n− 1

2
,k−1

h − un,k
h ) on Σ.

3. Solid subproblem: find dn,k
h , ḋn,k

h ∈ Vs
h, such that ḋ

n− 1
2
,k

h =
dn,k
h −dn−1

h

τ
and

ρs
∫
Ωs

∂τ ḋ
n,k
h · ξh + as(dn− 1

2
,k

h , ξh) = −
∫
Σ

λn,k
h · ξh

for all ξh ∈ Vs
h.

• Update:
un
h := un,K

h , dn
h := dn,K

h , ḋn
h := ḋn,K

h , λn
h := λn,K

h .

Theorem 2.1. Let {(un
h, p

n
h,d

n
h, ḋ

n
h,λ

n
h)}n≥1 be given by Algorithm 2.2. Assuming that

τ < δ−1
h :=

ρsh

2αC2
T

, (2.20)

the following energy estimates hold, for n ≥ 1 and nτ ≤ T :

En
h +

n∑
m=1

Gm
h ≤ exp

(
δhT

1− τδh

)
E0

h,
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where, for all n ≥ 1:

En
h :=

ρf

2
∥un

h∥20,Ωf +
ρs

2
∥ḋn

h∥20,Ωs +
1

2
∥dn

h∥2s +
τ

2α
∥λn

h∥20,Σ,

Gn
h :=

ρf

2
∥un

h − un−1
h ∥20,Ωf +

ρs

4
∥ḋn

h − ḋn−1
h ∥20,Ωs +

1

2
∥dn

h − dn−1
h ∥2s

+
τ

2α
∥λn

h − λn−1
h ∥20,Σ + 2τµ∥ϵ(un

h)∥20,Σ +
γph

2τ

µ
∥∇pnh∥20,Ωf .

Proof. By combining (2.14) with (2.15), we have that

ρf
∫
Ωf
∂τun

h · vh + af
h((u

n
h, p

n
h), (vh, qh)) =

∫
Σ

λn
h · vh (2.21)

A key point is that we can see Algorithm 2.2 as a kinematic perturbation of the corre-
sponding strongly coupled scheme, Algorithm 2.1, because adding (2.21) to (2.16) and
taking vh| = ξh on Σ, we retrieve Algorithm 2.1. Therefore, owing to (2.15) we have

un
h = ḋn

h +
1

α
(λn−1

h − λn
h) + (ḋn−1

h − ḋn
h) on Σ. (2.22)

The perturbation is given by the last two terms of (2.22). Notice that the amount of
perturbation increases as the Robin parameter α diminishes, which is hence expected to
degrade accuracy.

We test the fluid subproblem (2.14) with (vh, qh) = τ(un
h, p

n
h):

ρfτ

∫
Ωf
∂τun

h · un
h + τaf ((un

h, p
n
h), (u

n
h, p

n
h)) +

γph
2τ

µ

∫
Ωf
∇pnh · ∇pnh = τ

∫
Σ

λn
h · un

h.

Applying the standard identity

(a− b)a =
1

2
[a2 − b2 + (a− b)2], (2.23)

on the first term, we get

ρf

2
∥un

h∥20,Ωf +
ρf

2
∥un

h − un−1
h ∥20,Ωf + 2τµ∥ϵ(un

h)∥20,Ωf +
γph

2τ

µ
∥∇pnh∥20,Ωf

=
ρf

2
∥un−1

h ∥20,Ωf + τ

∫
Σ

λn
h · un

h.
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Then, the solid subproblem (2.16) is tested with ξh = τ ḋn
h:

ρs
∫
Ωs

τ∂τ ḋ
n
h · ḋn

h + τas(dn
h, ḋ

n
h) = −τ

∫
Σ

λn
h · ḋn

h.

The first integral is being treated in the same way as before, using (2.23), to obtain

ρs

2
∥ḋn

h∥20,Ωs+
ρs

2
∥ḋn

h − ḋn−1
h ∥20,Ωs +

1

2
∥dn

h∥2s +
1

2
∥dn

h − dn−1
h ∥2s

=
ρs

2
∥ḋn−1

h ∥20,Ωs +
1

2
∥dn−1

h ∥2s − τ

∫
Σ

λn
h · ḋn

h.

Summing up the two resulting equations, we obtain:

ρf

2
∥un

h∥20,Ωf +
ρs

2
∥ḋn

h∥20,Ωs +
ρf

2
∥un

h − un−1
h ∥20,Ωf +

ρs

2
∥ḋn

h − ḋn−1
h ∥20,Ωs

+ 2τµ∥ϵ(un
h)∥20,Ωf +

1

2
∥dn

h∥2s +
1

2
∥dn

h − dn−1
h ∥2s +

γph
2τ

µ
∥∇pnh∥20,Ωf

=
ρf

2
∥un−1

h ∥20,Ωf +
ρs

2
∥ḋn−1

h ∥20,Ωs +
1

2
∥dn−1

h ∥2s +
∫
Σ

τλn
h · (un

h − ḋn
h).

Since all the terms are positive, with positive coefficients, the only term that remains to
be bounded is the one on the right-hand side:

T1 := τ

∫
Σ

λn
h · (un

h − ḋn
h).

By inserting (2.22) into this expression, we have

T1 =
τ

α

∫
Σ

λn
h · (λn−1

h − λn
h)︸ ︷︷ ︸

T2

+τ

∫
Σ

λn
h · (ḋn−1

h − ḋn
h)︸ ︷︷ ︸

T3

.

For the first term we can simply use (2.23) to obtain:

T2 =
τ

2α

(
∥λn−1

h ∥20,Σ − ∥λn
h∥20,Σ − ∥λn

h − λn−1
h ∥20,Σ

)
.

Notice that when summing over multiple time steps, the first two terms form a telescoping
sum, leading to cancellation of intermediate terms.

For the second term, we proceed by using the Cauchy-Schwarz inequality, the discrete
trace inequality (see [6])

∥ḋn
h − ḋn−1

h ∥20,Σ ≤ CTh
−1∥ḋn

h − ḋn−1
h ∥20,Ωs . (2.24)



26 2| FSI problem and Robin-based schemes

and Young’s inequality, as follows

T3 ≥ −τ∥λn
h∥0,Σ∥ḋn−1

h − ḋn
h∥0,Σ

≥ −τCTh
− 1

2∥λn
h∥0,Σ∥ḋn−1

h − ḋn
h∥0,Ωs

≥ − 2αC2
T

hρs︸ ︷︷ ︸
:=δh

τ 2

2α
∥λn

h∥20,Σ − ρs

4
∥ḋn−1

h − ḋn
h∥20,Ωs .

At the end, summing all the terms over m = 1, . . . , n, we get the following estimate:

En
h +

n∑
m=1

Gm
h ≤ E0

h +
n∑

m=1

δh
τ 2

2α
∥λm

h ∥20,Σ ≤ E0
h + τ

n∑
m=1

δhE
m
h . (2.25)

Now we can apply Gronwall’s lemma [39, Lemma 5.1]:

Lemma 2.1. Let τ , B, and am, bm, cm, γm, for integers m ≥ 0, be nonnegative numbers
such that

an + k
n∑

m=0

bm ≤ τ
n∑

m=0

γmam + τ
n∑

m=0

cm +B for n ≥ 0. (2.26)

Suppose that τγm < 1, for all m, and set σm ≡ (1− τγm)
−1. Then,

an + τ
n∑

m=0

bm ≤ exp

(
τ

n∑
m=0

σmγm

){
τ

n∑
m=0

cm +B

}
for n ≥ 0. (2.27)

The last part of the proof follows directly from the application of Lemma 2.1 to (2.25).
Indeed, we can notice that (2.25) and (2.26) have the same structure, identifying

an = En
h , bm = Gm

h , cm = 0, γm = δh, B = E0
h (2.28)

The assumption τγm < 1, in our case, leads to the CFL-like condition:

τ < δ−1
h :=

ρs

2αC2
T

h.

Substituting (2.28) into (2.27) and using that nτ ≤ T , we get

τ

n∑
m=0

σmγm = τ

n∑
m=1

δh
1− τδh

=
δhnτ

1− τδh
≤ δhT

1− τδh
.

which concludes the proof.
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It is relevant to notice that the estimate provided by Theorem 2.1 guarantees that the
energy is bounded for a fixed spatial mesh, under condition (2.20). Indeed, the exponential
term blows up when h → 0 for a fixed final time T .

Remark 2.1. A similar result for a thin-walled solid model could be obtained by using
the same arguments. In this case, the discrete trace inequality is not needed in the bound
of T2. This reduces the stability condition (2.20) to

τ < δ−1 :=
ρsϵ

2α
,

and we have the following energy estimate:

En
h +

n∑
m=1

Gm
h ≤ exp

(
δT

1− τδ

)
E0

h.

2.3.2. Stability for the LC-RN-MD scheme

The result stated in Theorem 2.1 strongly relies on the temporal dissipation of the solid
time discretization, i.e. on the term

ρs

2

n∑
m=1

∥ḋm
h − ḋm−1

h ∥20,Ωs ,

in order to control the solid velocity perturbation introduced in (2.22). This is likely to
yield instability in the case in which the solid is discretized in time with a neutrally stable
scheme, i.e. energy preserving, such as the mid-point scheme. We obtain the following
result.

Theorem 2.2. Let {(un
h, p

n
h,d

n
h, ḋ

n
hλ

n
h)}n≥1 be given by Algorithm 2.3. The following en-

ergy estimates hold, for n ≥ 1:

En
h +

n∑
m=1

Gm
h ≤ E0

h +
n∑

m=1

2αCT

hρs
τ

2α
∥λm

h ∥20,Σ +
n∑

m=1

ρs

4
∥ḋm− 3

2
h − ḋ

m− 1
2

h ∥20,Ωs ,

where

En
h :=

ρf

2
∥un

h∥20,Ωf +
ρs

2
∥ḋn

h∥20,Ωs +
1

2
∥dn

h∥2s +
τ

2α
∥λn

h∥20,Σ,

Gn
h :=

ρf

2
∥un

h − un−1
h ∥20,Ωf +

τα

2
∥ḋn− 3

2
h − un

h∥20,Σ + 2τµ∥ϵ(un
h)∥20,Σ +

γph
2τ

µ
∥∇pnh∥20,Ωf .



28 2| FSI problem and Robin-based schemes

As a result, Algorithm 2.3 is unconditionally unstable in the energy norm.

Proof. The same calculations as the previous section can be repeated on Algorithm 2.3.
In this case, the coupling condition (2.18) becomes

un
h = ḋ

n− 1
2

h +
1

α
(λn−1

h − λn
h) + (ḋ

n− 3
2

h − ḋ
n− 1

2
h ). (2.29)

Following the sames steps, we test the fluid subproblem (2.17) with (vh, qh) = τ(un
h, p

n
h)

and the solid subproblem (2.19) with ξh = τ ḋ
n− 1

2
h . The fluid problem reads exactly as

previously, while the solid one now becomes:

ρs
∫
Ωs

∂τ ḋ
n
h · τ ḋ

n− 1
2

h + as(dn− 1
2

h , τ ḋ
n− 1

2
h ) = −

∫
Σ

λn
h · τ ḋ

n− 1
2

h .

The first integral is

ρs
∫
Ωs

∂τ ḋ
n
h · τ ḋ

n− 1
2

h =
ρs

2
∥ḋn

h∥20,Ωs −
ρs

2
∥ḋn−1

h ∥20,Ωs .

On the other hand, the bilinear form of the solid becomes

as(dn− 1
2

h , ḋ
n− 1

2
h ) =

1

2
as(dn

h,d
n
h)−

1

2
as(dn−1

h ,dn−1
h ).

Then summing the two equations

ρf

2
∥un

h∥20,Ωf+
ρs

2
∥ḋn

h∥20,Ωs +
ρf

2
∥un

h − un−1
h ∥20,Ωf + 2τµ∥ϵ(un

h)∥20,Ωf +
1

2
∥dn

h∥2s +
γph

2τ

µ
∥∇pnh∥20,Ωf

=
ρf

2
∥un−1

h ∥20,Ωf +
ρs

2
∥ḋn−1

h ∥20,Ωs +
1

2
∥dn−1

h ∥2s +
∫
Σ

τλn
h · (un

h − ḋ
n− 1

2
h ),

where the only term remaining to be bounded is

T := τ

∫
Σ

λn
h · (un

h − ḋ
n− 1

2
h ).

Using (2.29) and (2.23), we can estimate T as

T = τ

∫
Σ

λn
h ·
[
1

α
(λn−1

h − λn
h) + (ḋ

n− 3
2

h − ḋ
n− 1

2
h )

]
=

τ

2α

(
∥λn−1

h ∥20,Σ − ∥λn
h∥20,Σ − ∥λn

h − λn−1
h ∥20,Σ

)
+ τ

∫
Σ

λn
h · (ḋ

n− 3
2

h − ḋ
n− 1

2
h ).

The last integral can be estimated using the Cauchy-Schwarz inequality and the discrete
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trace inequality (2.24) as before:

τ

∫
Σ

λn
h · (ḋ

n− 3
2

h − ḋ
n− 1

2
h ) ≥ −2αC2

T

hρs

τ

2α
∥λn

h∥20,Σ − ρs

4
∥ḋn− 3

2
h − ḋ

n− 1
2

h ∥20,Ωs .

Summing all the terms over m = 1, . . . , n, we obtain the estimate.

Notice that, differently than Algorithm 2.2, the perturbation introduced by the coupling
condition (2.29) is not controlled by the dissipation term in the solid subproblem, indeed
the term ∥ḋn− 3

2
h − ḋ

n− 1
2

h ∥20,Ωs cannot be bounded by any other term on the left-hand side.
As a result, Algorithm 2.3 is unconditionally unstable in the energy norm.
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In this chapter, we investigate an alternative coupling strategy: the Neumann-Robin
scheme, which peculiarity is that it reverses the roles of the interface conditions. We
will replicate the energy stability analysis done in the previous chapter, which will show
that this alternative choice is conditionally stable both for BDF1 and MD time schemes.

3.1. Motivations and formulations of the scheme

Normally, the Robin-Neumann scheme associates the Robin condition to the fluid and the
Neumann condition to the solid. This choice directly reflects the nature of the problem:
the solid is assigned a Neumann condition in order to balance the stresses exerted by the
fluid, while the fluid is assigned a Robin condition in order to mitigate the added mass
effect.

Although this choice seems the most natural, we want to answer the following questions:
how is the stability affected when the coupling conditions are reversed? Therefore, we
propose an alternative coupling strategy by reversing the roles of the interface conditions:
we apply a Neumann condition to the fluid and a Robin condition to the solid, creating a
Neumann-Robin scheme (NR). This reversal changes the information exchange between
the two subdomains and may impact the numerical properties of the scheme, such as
stability, accuracy, and energy conservation. Although this scheme might seem coun-
terintuitive, given that the Neumann-Dirichlet is proven to be unconditionally unstable,
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applying the Robin condition on the fluid introduces a dissipation on the solid velocities
as shown in the previous chapter. In the reversed setting, imposing the Robin condition
on the solid is expected to produce an additional dissipative effect, analogous to viscous
damping, on the fluid velocities (measured by ∥un − un−1∥). Consequently, this mecha-
nism allows us to control the energy dissipation more effectively, even for the choice of
mid-point scheme, leading to a conditional stable scheme.

To analyze this setup, we firstly derive the variational formulation corresponding to this
reversed coupling strategy. Taking (ξ, v, q) ∈ Vs ×Vf ×M f test functions, the variational
formulation of problem (2.1) reads: find u(t) ∈ Vf, p(t) ∈ M f, d(t) ∈ Vs and ḋ(t) ∈ Vs

such that
ρs
∫
Ωs

∂tḋ · ξ + as(d, ξ)−
∫
Σ

λ · ξ = 0,

ρf
∫
Ωf
∂tu · v+ af((u, p), (v, q)) +

∫
Σ

λ · v = 0,

for all (ξ, v, q) ∈ Vs×Vf×M f. Note that this variational formulation differs from (2.5) in
the sign of the integrals on the interface Σ, since here we associate with λ = σs(d)ns(=

σf(u, p)nf) ∈ L2(Σ) the solid stresses and not the fluid stresses anymore.

The time discretization of the coupling condition can be expressed using a BDF1 scheme
or a mid-point scheme as follows:

BDF1:

σf(un, pn)nf = −λn−1

λn + αḋn = αun−1 + λn−1
on Σ,

Mid-point:

σf(un, pn)nf = −λn− 1
2

λn− 1
2 + αḋn− 1

2 = αun−1 + λn− 3
2

on Σ.

Again, this choice of time discretization only influences the solid coupling, while the fluid
is always solved with a BDF1 scheme.

The fully discrete formulation of this problem is detailed in Algorithm 3.1 when we use
BDF1 for the solid, and in Algorithm 3.2 when we use the mid-point scheme for the solid.
Moreover, both of these algorithms can be modified to include correction iterations (see
Appendix B for details).

Although the scheme is named Neumann-Robin, which might suggests that the fluid sub-
problem with Neumann condition is solved first, the actual procedure starts with solving
the solid subproblem with the Robin condition. This choice is justified by the stability
analysis, whose key step consists in writing the algorithms as numerical perturbation of
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the strongly coupled counterpart. In order to do so, in the solid-stress updates, we must
always have that u and ḋ are taken at different time instances.

3.2. Energy stability analysis

The purpose of this section is to analyze the energy stability of the algorithms presented
above. We will show that LC-RN-BDF1 and LC-RN-MD are both conditionally energy
stable.

3.2.1. Stability for the LC-NR-BDF1 scheme

Starting with LC-RN-BDF1, the energy stability result is stated in the following theorem.

Theorem 3.1. Let {(un
h, p

n
h,d

n
h, ḋ

n
h,λ

n
h)}n≥1 be given by Algorithm 3.1. Assuming that

τ < δ−1
h :=

ρfh

2αC2
T

, (3.7)

the following energy estimates hold, for n ≥ 1 and nτ ≤ T :

En
h +

n∑
m=1

Gm
h ≤ exp

(
δhT

1− τδh

)
E0

h,

where

En
h :=

ρf

2
∥un

h∥20,Ωf +
ρs

2
∥ḋn

h∥20,Ωs +
1

2
∥dn

h∥2s +
τ

2α
∥λn

h∥20,Σ,

Gn
h :=

ρs

2
∥ḋn

h − ḋn−1
h ∥20,Ωs +

ρf

4
∥un

h − un−1
h ∥20,Ωf + 2τµ∥ϵ(un

h)∥20,Ωf

+
τα

2
∥un−1

h − ḋn
h∥20,Σ +

1

2
∥dn

h − dn−1
h ∥2s +

γph
2τ

µ
∥∇pnh∥20,Ωf .

Proof. We proceed as in the proof of Theorem 2.1. We first show that Algorithm 3.1
can be seen as a numerical perturbation of its strongly coupled counterpart thanks to the
kinematic perturbation condition obtained from (3.8):

ḋn
h = un

h +
1

α
(λn−1

h − λn
h) + (un−1

h − un
h), (3.8)

which now is the perturbation of the fluid velocity un
h, instead of the solid velocity ḋn

h.
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Algorithm 3.1 Loosely coupled scheme with Neumann-Robin interface conditions and
BDF1 time discretization (LC-NR-BDF1)
Given u0

h,d
0
h, ḋ

0
h,λ

0
h and α, ∀n ≥ 1:

1. Solid subproblem: find dn
h, ḋn

h ∈ Vs
h, such that ḋn

h = ∂τdn
h and

ρs
∫
Ωs

∂τ ḋ
n
h · ξh + as(dn

h, ξh) + α

∫
Σ

(ḋn
h − un−1

h ) · ξh =

∫
Σ

λn−1
h · ξh (3.1)

for all ξh ∈ Vs
h.

2. Solid-stress update: set λn
h ∈ Vg

h as

λn
h = λn−1

h + α(un−1
h − ḋn

h) on Σ. (3.2)

3. Fluid subproblem: find (un
h, p

n
h) ∈ Vf

h ×M f
h such that

ρf
∫
Ωf
∂τun

h · vh + af
h((u

n
h, p

n
h), (vh, qh)) = −

∫
Σ

λn
h · vh (3.3)

for all (vh, qh) ∈ Vf
h ×M f

h.

Algorithm 3.2 Loosely coupled scheme with Neumann-Robin interface conditions and
mid-point time discretization (LC-NR-MD)
Given u0

h,d
0
h, ḋ

0
h,λ

0
h, and α, ∀n ≥ 1:

1. Solid subproblem: find dn
h, ḋn

h ∈ Vs
h, such that ḋ

n− 1
2

h = ∂τdn
h and

ρs
∫
Ωs

∂τ ḋ
n
h · ξh + as(dn− 1

2
h , ξh) + α

∫
Σ

(ḋ
n− 1

2
h − un−1

h ) · ξh =

∫
Σ

λ
n− 3

2
h · ξh (3.4)

for all ξh ∈ Vs
h.

2. Solid-stress update: set λ
n− 1

2
h ∈ Vg

h as

λ
n− 1

2
h = λ

n− 3
2

h + α(un−1
h − ḋ

n− 1
2

h ) on Σ. (3.5)

3. Fluid subproblem: find (un
h, p

n
h) ∈ Vf

h ×M f
h such that

ρf
∫
Ωf
∂τun

h · vh + af
h((u

n
h, p

n
h), (vh, qh)) = −

∫
Σ

λ
n− 1

2
h · vh (3.6)

for all (vh, qh) ∈ Vf
h ×M f

h.
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After combining (3.1) with (3.2), we proceed testing with ξh = τ ḋn
h the solid subproblem,

which reads
ρsτ

∫
Ωs

∂τ ḋ
n
h · ḋn

h + τas(dn
h, ḋ

n
h) = τ

∫
Σ

λn
h · ḋn

h.

We can use (2.23) to rewrite the first and second term as

ρs

2
∥ḋn

h∥20,Ωs +
ρs

2
∥ḋn

h − ḋn−1
h ∥20,Ωs +

1

2
∥dn

h∥2s +
1

2
∥dn

h − dn−1
h ∥2s

=
ρs

2
∥ḋn−1

h ∥20,Ωs +
1

2
∥dn

h∥2s + τ

∫
Σ

λn
h · ḋn

h.

Similartly, the fluid subproblem (3.3), is tested with (vh, qh) = τ(un
h, p

n
h), yielding

ρfτ

∫
Ωf
∂τun

h · un
h + τaf

h((u
n
h, p

n
h), (u

n
h, p

n
h)) = −τ

∫
Σ

λn
h · un

h.

Using (2.23) again, we obtain

ρf

2
∥un

h∥20,Ωf +
ρf

2
∥un

h − un−1
h ∥20,Ωf + 2τµ∥ϵ(un

h)∥20,Ωf +
γph

2τ

µ
∥∇pnh∥20,Ωf

=
ρf

2
∥un−1

h ∥20,Ωf − τ

∫
Σ

λn
h · un

h.

Summing the two equations, the only term that remains to be bounded is

T1 := τ

∫
Σ

λn
h · (ḋn

h − un
h).

As in the proof of Theorem 2.1 we can use (3.8) to rewrite this term in order to obtain a
telescopic sum, as:

T1 = τ

∫
Σ

λn
h ·

1

α
(λn−1

h − λn
h)︸ ︷︷ ︸

T2

+τ

∫
Σ

λn
h · (un−1

h − un
h)︸ ︷︷ ︸

T3

.

The first term can be estimated using (2.23):

T2 =
τ

2α

(
∥λn−1

h ∥20,Σ − ∥λn
h∥20,Σ − ∥λn

h − λn−1
h ∥20,Σ

)
.

The second term can be estimated using the Cauchy-Schwarz inequality and the discrete
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trace inequality [6]:

T3 ≥ −τCTh
− 1

2∥λn
h∥0,Σ∥un−1

h − un
h∥0,Ωf

≥ − 2αC2
T

hρf︸ ︷︷ ︸
:=δh

τ 2

2α
∥λn

h∥20,Σ − ρf

4
∥un−1

h − un
h∥20,Ωf .

Summing all the terms over m = 1, . . . , n, we reach the following estimate:

En
h +

n∑
m=1

Gm
h ≤ E0

h +
n∑

m=1

δh
τ 2

2α
∥λm

h ∥20,Σ ≤ E0
h + τ

n∑
m=1

δhE
m
h .

Applying Lemma 2.1 as in the proof of Theorem 2.1, we obtain the thesis.

This theorem is analogous to Theorem 2.1 and its proof follows the same steps. The only
difference is that the result now depends on the numerical dissipation of the fluid, i.e. on
the quantity ∥un − un−1∥0,Ωf .

3.2.2. Stability for the LC-NR-MD scheme

Regarding the mid-point scheme, the result is analogous and it is formally stated by the
following theorem.

Theorem 3.2. Let {(un
h, p

n
h,d

n
h, ḋ

n
h,λ

n
h)}n≥1 be given by Algorithm 3.2. Assuming that

τ < δ−1
h :=

ρfh

2αC2
T

, (3.9)

the following energy estimates hold, for n ≥ 1 and nτ ≤ T :

En
h +

n∑
m=1

Gm
h ≤ exp

(
δhT

1− τδh

)
E0

h,

where

En
h :=

ρf

2
∥un

h∥20,Ωf +
ρs

2
∥ḋn

h∥20,Ωs +
1

2
∥dn

h∥2s +
τ

2α
∥λn− 1

2
h ∥20,Σ,

Gn
h :=

ρf

2
∥un

h − un−1
h ∥20,Ωf + 2τµ∥ϵ(un

h)∥20,Ωf +
γph

2τ

µ
∥∇pnh∥20,Ωf +

τ

2α
∥λn− 1

2
h − λ

n− 3
2

h ∥20,Σ.
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Proof. In this case, the coupling condition (3.10) simply remains

ḋ
n− 1

2
h = un

h +
1

α
(λ

n− 3
2

h − λ
n− 1

2
h ) + (un−1

h − un
h). (3.10)

The solid subproblem (3.4) is tested with ξh = τ ḋ
n− 1

2
h and reads

ρsτ

∫
Ωs

∂τ ḋ
n
h · ḋ

n− 1
2

h + τas(dn− 1
2

h , ḋ
n− 1

2
h ) = τ

∫
Σ

λ
n− 1

2
h · ḋn− 1

2
h ,

which yields

ρs

2
∥ḋn

h∥20,Ωs +
1

2
∥dn

h∥2s =
ρs

2
∥ḋn−1

h ∥20,Ωs +
1

2
∥dn−1

h ∥2s + τ

∫
Σ

λ
n− 1

2
h · ḋn− 1

2
h .

On the other hand, the fluid subproblem (3.6) is tested with (vh, ph) = τ(un
h, p

n
h) and

reads

ρf

2
∥un

h∥20,Ωf +
ρf

2
∥un

h − un−1
h ∥20,Ωf + 2τµ∥ϵ(un

h)∥20,Ωf +
γph

2τ

µ
∥∇pnh∥20,Ωf

=
ρf

2
∥un−1

h ∥20,Ωf − τ

∫
Σ

λ
n− 1

2
h · un

h.

Summing the two equations, the only term that remains to be bounded is

T1 := τ

∫
Σ

λ
n− 1

2
h · (ḋn− 1

2
h − un

h).

Using (3.10), we can rewrite this term as

T1 = τ

∫
Σ

λ
n− 1

2
h · 1

α
(λ

n− 3
2

h − λ
n− 1

2
h )− τ

∫
Σ

λ
n− 1

2
h · (un−1

h − un
h).

For the first term we have

T1 ≤
τ

2α

(
∥λn− 3

2
h ∥20,Σ − ∥λn− 1

2
h ∥20,Σ − ∥λn− 1

2
h − λ

n− 3
2

h ∥20,Σ
)
.

On the second term, we apply Cauchy-Schwartz inequality, the discrete trace inequality
and Young’s inequality to obtain:

T2 ≥ −2αC2
T

hρf

τ 2

2α
∥λn− 1

2
h ∥20,Σ − ρf

4
∥un−1

h − un
h∥20,Ωf .
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Summing everything together over m = 1, . . . , n, we obtain the following estimate:

En
h +

n∑
m=1

Gm
h ≤ E0

h +
n∑

m=1

δh
τ 2

2α
∥λm− 1

2
h ∥20,Σ.

Applying Lemma 2.1, we obtain the thesis.

Differently from the standard Robin-Neumann mid-point case (Algorithm 2.3), where we
obtained an unconditional instability result, we have just reached conditional stability
under a CFL-like condition.



39

4| Convergence analysis

Contents
4.1 Convergence analysis for a parabolic PDE . . . . . . . . . . . 39

4.2 Convergence analysis for LC-RN-BDF1 . . . . . . . . . . . . . 43

4.2.1 Sub-optimal estimate . . . . . . . . . . . . . . . . . . . . . . . 43

4.2.2 Quasi-optimal estimate . . . . . . . . . . . . . . . . . . . . . . 51

This chapter aims at providing the convergence analysis of the Robin-Neumann loosely
coupled scheme as presented in Algorithm 2.2. As a preliminary step, we discuss the
convergence analysis in a more simple setting, for instance considering the heat equation
(see also [58]). Then, the same strategy will be applied onto the LC-RN-BDF1 scheme.

4.1. Convergence analysis for a parabolic PDE

Given a final time T > 0, let’s consider the following problem on a general domain Ω,
where we denote with ∂Ω the boundary:

∂tu−∆u = f in Ω× (0, T ),

u = 0 on ∂Ω× (0, T ),

u0 = u(0) in Ω.

The weak formulation of the problem reads:

Find u ∈ V = H1
0 (Ω) s.t.

∫
Ω

∂tuv +

∫
Ω

∇u · ∇v︸ ︷︷ ︸
:=a(u, v)

=

∫
Ω

fv︸ ︷︷ ︸
:=b(v)

∀v ∈ V, (4.1)

with a(u, v) is a symmetric and coercive bilinear form, with coercivity constant κ. Then,
let us introduce a finite element triangulation Th of Ω. Define the discrete spaces Vh ⊂ V
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such that dimVh < ∞. The semi-discrete formulation reads

Find uh ∈ Vh s.t.
∫
Ω

∂tuhvh +

∫
Ω

∇uh · ∇vh =

∫
Ω

fvh, ∀vh ∈ Vh.

Now, given a time interval τ , let us define tn = nτ, n ∈ N, and the approximation of
the solution un

h ≃ uh(tn). We employ a backward difference approximation for the time
derivative, i.e. the fully discrete formulation becomes

Find un
h ∈ Vh s.t.

∫
Ω

∂τu
n
hvh +

∫
Ω

∇un
h · ∇vh =

∫
Ω

f(tn)vh, ∀vh ∈ Vh. (4.2)

The goal is to estimate the error ∥un
h − un∥L2(Ω). To this end, we will decompose the

error into two components: the interpolation error enΠ and the discrete error enh. We will
first analyze the discrete error, and then apply standard interpolation estimates to bound
the interpolation error, which together yield an estimate for the total error.

From (4.1), approximate the solution u in time, test with v = vh and sum on both sides
the derivative approximation:∫

Ω

∂τu
nvh +

∫
Ω

∇un∇vh =

∫
Ω

f(tn)vh +

∫
Ω

(∂τu
n − ∂tu

n) vh︸ ︷︷ ︸
:=T n(vh)

, ∀vh ∈ Vh, (4.3)

where the term T n(vh) represents the truncation error. We can define the orthogonal
projection operator [48] Πh : V → Vh: ∀w ∈ V, a(Πhw − w, vh) = 0, ∀vh ∈ Vh. Then we
introduce the error term

en := un
h − un = enΠ + enh,

enΠ := Πhu
n − un, (interpolation error),

enh := un
h − Πhu

n, (discrete error).

(4.4)

By subtracting (4.3) from (4.2) and assuming that the formulation is initialized with
u0
h = Πhu0, which immediately yields e0h = 0, we obtain:∫

Ω

∂τe
nvh + a(en, vh) = T n(vh), ∀vh ∈ Vh

and by expanding the error as in (4.4) we get:∫
Ω

∂τe
n
hvh + a(enh, vh) = T n(vh)−

∫
Ω

∂τe
n
Πvh − a(enΠ, vh), ∀vh ∈ Vh. (4.5)
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Now test (4.5) with vh = enh:∫
Ω

∂τe
n
he

n
h + a(enh, e

n
h) = T n(enh)−

∫
Ω

∂τe
n
Πe

n
h︸ ︷︷ ︸

T1

− a(enΠ, e
n
h)︸ ︷︷ ︸

T2

.

Using the identity (2.23) on the left-hand side, we can rewrite the above relation as

1

2
∥enh∥20,Ω +

1

2
∥enh − en−1

h ∥20,Ω + τ∥∇enh∥20,Ω =
1

2
∥en−1

h ∥20,Ω,

where we denote ∥·∥0,Ω = ∥·∥L2(Ω). Then we sum over m = 1, . . . , n and recall that e0h = 0:

1

2
∥enh∥20,Ω + τ

n∑
m=1

∥∇emh ∥20,Ω ≤ τ
n∑

m=1

Tm(emh )− τ
n∑

m=1

T1(e
m
h )− τ

n∑
m=1

T2(e
m
h ).

We proceed by estimating the terms on the right hand side. Recall the Taylor’s formula
with remainder in integral form [52]:

un = un−1 + τ∂tu(tn) +

∫ tn

tn−1

(tn−1 − s)∂ttu(s)ds. (4.6)

We can use this formula to estimate the truncation error Tm(emh ), indeed, in our case, we
can express the difference ∂τu

m − ∂tu
m as

∂τu
m − ∂tu

m =
1

τ
(um − um−1 − τ∂tu

m) =
1

τ

∫ tm

tm−1

(tm−1 − s)∂ttu(s)ds.

Taking the L2(Ω) norm of this quantity, using the triangle inequality and the fact that
|tm−1 − s| ≤ τ in the interval [tm−1, tm]:

∥∂τum − ∂tu
m∥ = ∥1

τ

∫ tm

tm−1

(tm−1 − s)∂ttu(s)ds∥0,Ω ≤
∫ tm

tm−1

∥∂ttu(s)∥0,Ωds.

Then, using Cauchy-Schwarz, we estimate:

∥∂τum − ∂tu
m∥ =

(∫ tm

tm−1

1 ds

) 1
2
(∫ tm

tm−1

∥∂ttu(s)∥20,Ω ds

) 1
2

= τ
1
2∥∂ttu∥L2(tm−1,tm;L2(Ω)).

Substituting this into Tm(emh ) and applying Cauchy-Schwarz inequality, we obtain

τ
n∑

m=1

Tm(emh ) ≤ τ
n∑

m=1

∥∂ttu∥L2(tm−1,tm;L2(Ω))τ
1
2∥emh ∥0,Ω,
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on which we apply Young’s inequality

τ
n∑

m=1

Tm(emh ) ≤
τ 2

2ϵ
∥∂ttun∥2L2(0,tn,L2(Ω)) +

ϵτ

2

n∑
m=1

∥emh ∥20,Ω.

Lastly, we can use the Poincaré inequality [48] to bound the L2(Ω) norm of the error:

τ

n∑
m=1

Tm(emh ) ≤
τ 2

2ϵ
∥∂ttun∥2L2(0,tn,L2(Ω)) +

CPϵτ

2

n∑
m=1

∥∇emh ∥20,Ω.

For the term T1, we start using Cauchy-Schwarz:

τ

n∑
m=1

T1(e
m
h ) = τ

n∑
m=1

∫
Ω

emΠ − em−1
Π

τ
· emh ≤

n∑
m=1

∥emΠ − em−1
Π ∥0,Σ∥emh ∥0,Σ.

We proceed estimating the difference emΠ − em−1
Π using Taylor’s formula [52], as did previ-

ously for the truncation error:

emΠ − em−1
Π =

∫ tm

tm−1

∂teΠ(s)ds.

Taking the L2(Ω) norm, applying the triangle inequality and the interpolation inequality
[48, Theorem 4.5]:

∥v − Πhv∥0,Ω ≤ Ch2∥v∥2,Ω, ∀v ∈ H2(Ω), (4.7)

we obtain:

τ

n∑
m=1

T1(e
m
h ) ≤

n∑
m=1

C1h
2

(∫ tm

tm−1

∥∂tu∥H2

)
∥emh ∥L2 .

Lastly, we apply Cauchy-Schwarz, Young’s and Poincarè as follows:

τ

n∑
m=1

T1(e
m
h ) ≤

n∑
m=1

C1h
2∥∂tu∥2L2(tm−1,tm;H2(Ω))τ

1
2∥emh ∥0,Σ

≤ C1h
4

2ϵ
∥∂tu∥2L2(0,tn;H2(Ω)) +

τϵ

2

n∑
m=1

∥emh ∥20,Σ

≤ Ch4

2ϵ
∥∂tu∥2L2(0,tn;H2(Ω)) +

CPτϵ

2

n∑
m=1

∥∇emh ∥20,Σ.

Lastly, the term related to T2 can be bounded using Cauchy-Schwarz, Young’s inequality
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and interpolation inequality (4.7) as

τ
n∑

m=1

T2(e
m
h ) ≤ τ

n∑
m=1

∥∇emΠ∥0,Ω∥∇emh ∥0,Ω

≤ τ
n∑

m=1

(
ϵ

2
∥∇emh ∥20,Ω +

1

2ϵ
∥∇emΠ∥20,Ω

)
≤ τ

n∑
m=1

(
ϵ

2
∥∇emh ∥20,Ω +

C2h
2

2ϵ
∥um∥22,Ω

)
.

Summing all the terms together and choosing ϵ small enough, we are left with:

∥enh∥20,Ω + 2τ
n∑

m=1

∥∇emh ∥20,Ω ≤ τ 2∥∂ttun∥2L2(0,tn,L2(Ω)) + Ch2τ
n∑

m=1

∥um∥2C((0,tn),H2(Ω)),

which yields

∥enh∥20,Ω + 2τ
n∑

m=1

∥∇emh ∥20,Ω ≤ C(τ 2 + h2).

The convergence estimate is therefore

∥un
h − u(tn)∥0,Ω + 2τκ

n∑
m=1

∥un
h − u(tn)∥1,Ω ≤ C(τ + h).

where we have used the coercivity of the bilinear form a. In this estimate, C is a constant
not depending on the time step τ and the mesh size h.

4.2. Convergence analysis for LC-RN-BDF1

We now want to extend the convergence analysis to the Robin-Neumann loosely coupled
scheme presented in Algorithm 2.2. We will show that the global errors have a linear
convergence rate. The proof follows the same steps as in [13, Section 4] and it is structured
in two parts: firstly, we establish a sub-optimal estimate in time (O(h + τ

1
2 )); then, we

show how to improve it to an quasi-optimal estimate (O(h + τ
√

1 + log τ−1)) by adding
some additional assumptions.

4.2.1. Sub-optimal estimate

We present the first part of the proof, which establishes a sub-optimal estimate in time.
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Lemma 4.1. For 1 ≤ n ≤ N , it holds that

max
1≤m≤n

{Sm
h + Em

h }+
n∑

m=1

(Wm
h + Zm

h ) ≤ Dn
h +

n∑
m=1

τ

∫
Σ

em
λ,h · gm

2,h,

where

Sn
h :=

ρf

2
∥en

u,h∥20,Ωf +
ρs

2
∥en

ḋ,h
∥20,Ωs +

1

2
∥en

d,h∥2s ,

Wn
h :=

ρf

2
∥en

u,h − en−1
u,h ∥20,Ωf + 2µτ∥ϵ(en

u,h)∥20,Ωf + τ
γph

2

µ
∥∇enp,h∥20,Ωf ,

+
1

2
∥en

d,h − en−1
d,h ∥2s +

ρs

4
∥en

ḋ,h
− en−1

ḋ,h
∥20,Ωs ,

En
h :=

τ

2α
∥en

λ,h∥20,Σ,

Zn
h :=

τ

2α
∥en−1

λ,h − en
λ,h∥20,Σ,

Dn
h := ∥en

d,Π∥2s + τ
n∑

m=1

[
T∥Rs

h(ḋ
n − ∂τdn)∥2s + ρfT∥∂tum − ∂τR

f
hu

m∥20,Ωf

+ µ∥ϵ(em
u,Π)∥20,Ωf +

1

µ
∥emp,Π∥20,Ωf +

µ

h2
∥em

u,Π∥20,Ωf +
µ

h2
∥em

u,Π∥20,Σ

+
h2

µ
∥∇Shp

m∥20,Ωf + ρsT∥∂tḋm − ∂τR
s
hḋ

m∥20,Ωs + T∥em
d,Π∥2s +

1

α
∥gn

2,h∥20,Σ
]
.

Proof. We start by introducing the notation for the errors:

en
d := dn

h − dn = en
d,h + en

d,Π, en
d,h := dn

h −Rs
hd

n, en
d,Π := Rs

hd
n − dn,

en
ḋ
:= ḋn

h − ḋn = en
ḋ,h

+ en
ḋ,Π

, en
ḋ,h

:= ḋn
h −Rs

hḋ
n, en

ḋ,Π
:= Rs

hḋ
n − ḋn,

en
u := un

h − un = en
u,h + en

u,Π, en
u,h := un

h −Rf
hu

n, en
u,Π := Rf

hu
n − un,

enp := pnh − pn = enp,h + enp,Π, enp,h := pnh − Shp
n, enp,Π := Shp

n − pn,

en
λ := λn

h − λn = en
λ,h + en

λ,Π, en
λ,h := λn

h − πhλ
n, en

λ,Π := πhλ
n − λn,

(4.8)

where Rf
h and Rs

h denote the Scott-Zhang interpolation operators [53], which map onto the
finite element spaces Vf

h and Vs
h, respectively. The use of the Scott-Zhang interpolants is

justified by their flexibility in the choice of degrees of freedom, which is particularly ad-
vantageous in our setting. In our formulation, the interpolants Rf

h and Rs
h are constructed

to be consistent across the interface between the subdomains. The operator Sh refers to
an interpolation on the space M f

h, modified by a constant to ensure that its mean value
over Ωf is zero, necessary to have uniqueness for the pressure. For these interpolants,
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there holds the following properties:

∥Ri
hv∥H1(Ωi) ≤ C∥v∥H1(Ωi), for v ∈ H1(Ωi), for i ∈ {f, s},

∥Shv∥H1(Ωf) ≤ C∥v∥H1(Ωf), for v ∈ H1(Ωf).

For projections onto the space Vg
h, we denote by πh the L2-orthogonal projection from

L2(Σ) onto Vg
h.

Furthermore, assume that Algorithm 2.2 is initialized with the following conditions:

d0
h = Rs

hd
0, ḋ0

h = Rs
hḋ

0, u0
h = Rf

hu
0, λ0

h = πhλ
0,

immediately yielding

e0
d,h = 0, e0

ḋ,h
= 0, e0

u,h = 0, e0
λ,h = 0. (4.9)

As in the stability proofs of the previous sections, the first passage is to write the error
counterpart of (2.22), which is:

en
u = en

ḋ
+

1

α
(en−1

λ − en
λ) + (en−1

ḋ
− en

ḋ
).

Then, using the definitions of the errors (4.8) and the fact ḋn|Σ = un|Σ, which yields
Rs

hḋ
n = Rf

hu
n on Σ, we get

en
u,h−en

ḋ,h
=

1

α
(en−1

λ,h − en
λ,h) + (en−1

ḋ,h
− en

ḋ,h
)

+
1

α
πh(λ

n−1 − λn) +Rf
h(u

n−1 − un)|Σ︸ ︷︷ ︸
:=gn

2,h

. (4.10)

Firstly, we study the fluid subproblem. From (2.5) and using (2.9) it follows that

ρf
∫
Ωf
∂τun · vh + af

h((u
n,pn), (vh, qh))−

∫
Σ

λn · vh

= ρf
∫
Ωf
(∂τun − ∂tun) · vh +

γph
2

µ

∫
Ωf
∇pn · ∇qh

for all (vh, qh) ∈ Vf
h × M f

h. Subtracting (2.14) from the latter and exploiting the error
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definitions (4.8), we get

ρf
∫
Ωf
∂τen

u,h · vh + af
h((e

n
u,h, e

n
p,h), (vh, qh))−

∫
Σ

en
λ,h · vh

=− ρf
∫
Ωf
∂τen

u,Π · vh − af
h((e

n
u,Π, e

n
p,Π), (vh, qh)) +

∫
Σ

en
λ,Π · vh

− ρf
∫
Ωf
(∂τun − ∂tun) · vh −

γph
2

µ

∫
Ωf
∇pn · ∇qh.

Note that
∫
Σ
en
λ,Π · vh = 0 since πh is the L2 projection onto the space Vg

h = TrVh,
therefore en

λ,Π is orthogonal to any test function vh|Σ ∈ Vh. Using (2.9):

ρf
∫
Ωf
∂τen

u,h · vh+af
h((e

n
u,h, e

n
p,h), (vh, qh))−

∫
Σ

en
λ,h · vh

= −ρf
∫
Ωf
∂τen

u,Π · vh − af((en
u,Π, e

n
p,Π), (vh, qh))−

γph
2

µ

∫
Ωf
∇enp,Π · ∇qh

− ρf
∫
Ωf
(∂τun − ∂tun) · vh −

γph
2

µ

∫
Ωf
∇pn · ∇qh.

Finally, using the error definitions (4.8) for en
u,Π and enp,Π, we reach

ρf
∫
Ωf
∂τen

u,h · vh + af
h((e

n
u,h, e

n
p,h), (vh, qh))−

∫
Σ

en
λ,h · vh

= ρf
∫
Ωf
(∂tun − ∂τR

f
hu

n) · vh︸ ︷︷ ︸
T f
1(vh, qh)

−af((en
u,Π, e

n
p,Π), (vh, qh))︸ ︷︷ ︸

T f
2(vh, qh)

−γph
2

µ

∫
Ωf
∇Shp

n · ∇qh︸ ︷︷ ︸
T f
3(vh, qh)

, (4.11)

where again we have used the fact that
∫
Σ
en
λ,Π · vh = 0 for all vh ∈ Vf

h. We can proceed
similarly for the solid subproblem: from (2.5) it follows that

ρs
∫
Ωs

∂τ ḋ
n · ξh + as(dn, ξh) = −

∫
Σ

λn · ξh + ρs
∫
Ωs
(∂τ ḋ

n − ∂tḋ
n) · ξh

for all ξh ∈ Vs
h, so that subtracting (2.16) from this relation and using the error expressions
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(4.8), we have

ρs
∫
Ωs
(∂τen

ḋ,h
· ξh) + as(en

d,h, ξh) +

∫
Σ

en
λ,h · ξh

= −ρs
∫
Ωs

∂τen
ḋ,Π

· ξh − as(en
d,Π, ξh)−

∫
Σ

en
λ,Π · ξh − ρs

∫
Ωs
(∂τ ḋ

n − ∂tḋ
n) · ξh

= ρs
∫
Ωs
(∂tḋ

n − ∂τR
s
hḋ

n) · ξh︸ ︷︷ ︸
T s
1(ξh)

−as(en
d,Π, ξh)︸ ︷︷ ︸

T s
2(ξh)

. (4.12)

We can now test the fluid subproblem (4.11) with (vh, qh) = τ(en
u,h, e

n
p,h) to get:

ρf

2
∥en

u,h∥20,Ωf +
ρf

2
∥en

u,h − en−1
u,h ∥20,Ωf + 2µτ∥ϵ(en

u,h)∥20,Ωf + τsh(e
n
p,h, e

n
p,h)

=
ρf

2
∥en−1

u,h ∥20,Ωf + τ
3∑

i=1

T f
i (e

n
u,h, e

n
p,h) + τ

∫
Σ

en
λ,h · en

u,h, (4.13)

and the solid subproblem (4.12) with ξh = τen
ḋ,h

to obtain:

ρs

2
∥en

ḋ,h
∥20,Ωs +

ρs

2
∥en

ḋ,h
− en−1

ḋ,h
∥20,Ωs + τas(en

d,h, e
n
ḋ,h

)

=
ρs

2
∥en−1

ḋ,h
∥20,Ωs + τ

2∑
i=1

T s
i (e

n
ḋ,h

)− τ

∫
Σ

en
λ,h · en

ḋ,h
.

A key part of the proof consists in showing that the discrete errors (4.8) satisfy Algorithm
2.2 with appropriate perturbations of the right-hand sides. To this purpose, applying the
operator ∂τ to en

d,h and substituting into en
ḋ,h

, we get:

en
ḋ,h

= ∂τen
d,h −Rs

h(ḋ
n − ∂τdn)︸ ︷︷ ︸

:=gn
1,h

. (4.14)

By using this last relation into the solid elastic term as, we get:

ρs

2
∥en

ḋ,h
∥20,Ωs +

ρs

2
∥en

ḋ,h
− en−1

ḋ,h
∥20,Ωs +

1

2
∥en

d,h∥2s +
1

2
∥en

d,h − en−1
d,h ∥2s

=
ρs

2
∥en−1

ḋ,h
∥20,Ωs +

1

2
∥en−1

d,h ∥2s − τas(en
d,h, g

n
1,h) + τ

2∑
i=1

T s
i (e

n
ḋ,h

)− τ

∫
Σ

en
λ,h · en

ḋ,h
. (4.15)
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After summing the two equations, we define the term

Rn
h := τ

∫
Σ

en
λ,h · (en

u,h − en
ḋ,h

).

This term can be rewritten using relation (4.10) into

Rn
h = τ

∫
Σ

en
λ,h ·

[
1

α
(en−1

λ,h − en
λ,h) + (en−1

ḋ,h
− en

ḋ,h
) + gn

2,h

]
≤ τ

2α

(
∥en−1

λ,h ∥20,Σ − ∥en
λ,h∥20,Σ − ∥en−1

λ,h − en
λ,h∥20,Σ

)
+

2αC2
T

hρs

τ 2

2α
∥en

λ,h∥20,Σ

+
ρs

4
∥en−1

ḋ,h
− en

ḋ,h
∥20,Ωs + τ

∫
Σ

en
λ,h · gn

2,h.

Then, we exploit the perturbation identity (4.14) into the bilinear form as(en
d,h, e

n
ḋ,h

) and
by summing together (4.13) and (4.15), we get

Sn
h +Wn

h + En
h + Zn

h = Sn−1
h + En−1

h − τas(en
d,h, g

n
1,h)

+ τ
3∑

i=1

T f
i (e

n
u,h, e

n
p,h) + τ

2∑
i=1

T s
i (e

n
ḋ,h

) + τ

∫
Σ

en
λ,h · gn

2,h.

Finally, by summing over m = 1, . . . , n and noting that Sn
h = En

h = 0 (owning to (4.9)),
we have

max
1≤m≤n

{Sm
h +Em

h }+
n∑

m=1

(Wm
h + Zm

h ) ≤ −
n∑

m=1

τas(em
d,h, g

m
1,h)︸ ︷︷ ︸

T1

+
n∑

m=1

τT f
1(e

m
u,h, e

m
p,h)︸ ︷︷ ︸

T2

+
n∑

m=1

τT f
2(e

m
u,h, e

m
p,h)︸ ︷︷ ︸

T3

+
n∑

m=1

τT f
3(e

m
u,h, e

m
p,h)︸ ︷︷ ︸

T4

+
n∑

m=1

τT s
1(e

m
ḋ,h

)︸ ︷︷ ︸
T5

+
n∑

m=1

τT s
2(e

m
ḋ,h

)︸ ︷︷ ︸
T6

+
n∑

m=1

τ

∫
Σ

em
λ,h · gm

2,h. (4.16)

We proceed by bounding each term Ti, i = 1, . . . , 6. In the following calculation, ϵi, i =
1, . . . will denote generic positive constants independent of the physical and discretization
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parameters. For the first term:

T1 ≤
n∑

m=1

τ∥em
d,h∥s∥gm

1,h∥s ≤
τϵ1
2T

n∑
m=1

∥em
d,h∥2s +

2τT

ϵ1

n∑
m=1

∥gm
1,h∥2s

≤ ϵ1 max
1≤m≤n

Sn
h +

2τT

ϵ1

n∑
m=1

∥gm
1,h∥2s .

For the second term we can apply Young’s inequality

T2 ≤ ρf τϵ2
2T

n∑
m=1

∥em
u,h∥20,Ωf + ρf τT

2ϵ2

n∑
m=1

∥∂tum − ∂τR
f
hu

m∥20,Ωf

≤ ϵ2 max
1≤m≤n

Sn
h + ρf τT

2ϵ2

n∑
m=1

∥∂tum − ∂τR
f
hu

m∥20,Ωf .

For the third term we can use Korn’s inequality

T3 = −2τµ
n∑

m=1

∫
Ωf
ϵ(em

u,Π) : ϵ(e
m
u,h) + τ

n∑
m=1

∫
Ωf
emp,Πdiv em

u,h −τ
n∑

m=1

∫
Ωf
emp,hdiv em

u,h︸ ︷︷ ︸
T3,1

≤ 2(ϵ3 + ϵ4)τµ
n∑

m=1

∥ϵ(em
u,h)∥20,Ωf +

τµ

4ϵ3

n∑
m=1

∥ϵ(em
u,Π)∥20,Ωf +

τC2
K

8ϵ4µ

n∑
m=1

∥emp,Π∥20,Ωf + T3,1

≤ (ϵ3 + ϵ4) max
1≤m≤n

Wn
h +

τµ

4ϵ3

n∑
m=1

∥ϵ(em
u,Π)∥20,Ωf +

τC2
K

8ϵ4µ

n∑
m=1

∥emp,Π∥20,Ωf + T3,1.

Let us focus on the term T3,1: we proceed by integration by parts and using the trace and
Poincaré inequalities on emp,h to obtain:

T3,1 = τ
n∑

m=1

∫
Ωf

em
u,Π · ∇emp,h − τ

n∑
m=1

∫
Σ

emp,he
m
u,Π · n

≤ τϵ5
γph

2

µ

n∑
m=1

∥∇emp,h∥20,Ωf +
τ

4ϵ5

µ

γph2

n∑
m=1

∥em
u,Π∥20,Ωf + τCP

n∑
m=1

∥∇emp,h∥20,Ωf∥em
u,Π∥0,Σ

≤ (ϵ5 + ϵ6)τ
γph

2

µ

n∑
m=1

∥∇emp,h∥20,Ωf +
τ

4ϵ5

µ

γph2

n∑
m=1

∥em
u,Π∥20,Ωf +

τC2
P

4ϵ6

µ

γph2

n∑
m=1

∥em
u,Π∥20,Σ

≤ (ϵ5 + ϵ6) max
1≤m≤n

Wn
h +

τ

4ϵ5

µ

γph2

n∑
m=1

∥em
u,Π∥20,Ωf +

τC2
P

4ϵ6

µ

γph2

n∑
m=1

∥em
u,Π∥20,Σ.
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For T4 we can work similarly as T1, indeed

T4 ≤ τϵ7
γph

2

µ

n∑
m=1

∥∇emp,h∥20,Ωf +
γph

2

µ

τ

4ϵ7

n∑
m=1

∥∇Shp
m∥20,Ωf

≤ ϵ7 max
1≤m≤n

Wn
h +

γph
2

µ

τ

4ϵ7

n∑
m=1

∥∇Shp
m∥20,Ωf .

For the fifth term we can use again the same argument:

T5 ≤ ρs τϵ8
2T

n∑
m=1

∥em
ḋ,h

∥20,Ωs + ρs τT

2ϵ8

n∑
m=1

∥∂tḋm − ∂τR
f
hḋ

m∥20,Ωs

≤ ϵ8 max
1≤m≤n

Sn
h + ρs τT

2ϵ8

n∑
m=1

∥∂tḋm − ∂τR
f
hḋ

m∥20,Ωs .

For the sixth term, using (4.14), we have:

T6 =
n∑

m=1

as(em
d,Π, e

m
d,h − em−1

d,h ) + τ
n∑

m=1

as(em
d,Π, g

m
1,h)

≤ as(en
d,Π, e

n
d,h)− as(e0

d,Π, e
0
d,h) + τ

n∑
m=1

∥em
d,Π∥s∥gm

1,h∥s

and using and the fact that e0
d,Π = e0

d,h = 0, Cauchy-Schwarz and Young’s inequality, we
obtain

T6 ≤ ∥en
d,Π∥s∥en

d,h∥s +
τ

2ϵ9

n∑
m=1

∥em
d,Π∥2s +

τϵ9
2

n∑
m=1

∥gm
1,h∥2s

≤ T

2ϵ9
∥en

d,Π∥2s +
ϵ9
2T

∥en
d,h∥2s +

τT

2

n∑
m=1

∥em
d,Π∥2s +

τ

2T

n∑
m=1

∥gm
1,h∥2s

≤ ϵ9 max
1≤m≤n

Sn
h +

T

2ϵ9
∥en

d,Π∥2s +
τT

2

n∑
m=1

∥em
d,Π∥2s +

τ

2T

n∑
m=1

∥gm
1,h∥2s .

Inserting all the previous estimates into (4.16) and supposing that ϵi, i = 1, . . . , 9 are
small enough, we obtain the thesis.

The last term that remains to be bounded, namely,

T7 :=
n∑

m=1

τ

∫
Σ

em
λ,h · gm

2,h (4.17)

requires special care. Indeed, if we attempt to bound this term with the quantities on the
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left-hand side we obtain

T7 ≤
τ 2

2αT

n∑
m=1

∥em
λ,h∥20,Σ +

αT

2

n∑
m=1

∥gm
2,h∥20,Σ.

In particular, focusing on gm
2,h:

∥gm
2,h∥2 ≤ ∥πh(λ

m−1 − λm)∥20,Σ + ∥Rf
h(u

m−1 − um)∥20,Σ,

where the first term can be bounded as

∥πh(λ
m−1 − λm)∥0,Σ ≤ ∥λm−1 − λm∥0,Σ ≤

∫ tm

tm−1

∥∂tλ∥0,Σ = τ
1
2∥∂tλ∥L2(tm−1,tm;L2(Σ)),

while the second term can be bounded using the trace inequality, Poincarè inequality and
the H1 stability of the interpolant Rf

h:

∥Rf
h(u

m−1 − um)∥0,Σ ≤ C∥∇Rf
h(u

m−1 − um)∥L2(Ωf)

≤ C∥∇(um−1 − um)∥L2(Ωf) ≤ Cτ
1
2∥∂tu∥L2(tm−1,tm;L2(Ωf)).

This ultimately sacrifices a factor of τ
1
2 and results in obtaining sub-optimal convergence.

4.2.2. Quasi-optimal estimate

This section aims to present the derivation of an optimal bound for the term (4.17). As
done in [13, 20] for the Robin-Robin scheme, the idea is to leverage the error equation of
the solid (4.12) to express (4.17) using terms of the domain Ωs only, in order to avoid the
interface as much as possible. This requires the construction of an extension of gn

2,h into
Ωs, which vanishes on Γs. To this purpose, we introduce the notation

gn
2,h =

1

α
πh(λ

n−1 − λn)︸ ︷︷ ︸
:=gn

3,h

+Rf
h(u

n−1 − un)|Σ︸ ︷︷ ︸
:=gn

4,h

. (4.18)

Owning to (2.1)7, term gn
4,h can be rewritten as

gn
4,h = Rs

h(ḋ
n−1 − ḋn) on Σ,

so that we can simply take
g̃n
4,h := Rs

h(ḋ
n−1 − ḋn)
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as extension of gn
4,h onto Ωs. On the contrary, the term gn

3,h is more delicate. To deal with
it, we make two additional assumptions used in [13, 20].

Assumption 4.1. There exists ñs ∈ [W1,∞(Ωs)]2 such that ñs|Σ = ns.

This first assumption supposes that there exists an extension ñs of the normal ns the
interface Σ to the solid domain Ωs, such that its gradient is bounded. It is necessary to
introduce this assumption because, in the error proof, it will be required to evaluate the
outward facing normal ns in the interior point of the solid domain, and not just on the
interface, where it is naturally defined.

Assumption 4.2. Assume that τ < 1
2
. There exists a function ϕ̃ : Ωs → R satisfying:

(i) 0 ≤ ϕ̃ ≤ 1;

(ii) ϕ̃ ∈ Vs;

(iii) |{x ∈ Σ : ϕ̃(x) ̸= 1}| ≤ Cτ ;

(iv) ∥∇ϕ̃∥20,Ωs ≤ C(1 + log 1
τ
);

where C > 0 is a general constant independent of τ and on the physical parameters.

With the second assumption we introduce an auxiliary function ϕ̃ that serves as a pseudo-
lifting operator from Σ into Ωs: it is equal to 1 on the interface and 0 on Γs. Relation
(iii) allows this cut-off function to go to 0 on Γs, while matching the unlifted function on
most of Σ. On the other hand, inequality (iv) refers to the smoothness of ϕ̃, since it is
necessary to control that the gradient does not rapidly transition from 0 to 1 near the
interface.

Owning to these assumptions, the goal now is to lift gn
3,h from Σ to Ωs, using ns and ϕ̃.

To this purpose, we define

ℓ̃s := σ(d)ñs,

Ls := ϕ̃ℓ̃s,

g̃n
3 := −(Ln

s −Ln−1
s ) = −ϕ̃σ(dn − dn−1)ñs,

g̃n
3,h := Rs

hg̃
n
3 .

Therefore, we finally introduce

g̃n
2,h := g̃n

3,h + g̃n
4,h. (4.19)

Additionally, using Assumptions 4.1 and 4.2, from [20, Lemma 5.2.4], we have the following
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estimate

∥g̃n
3,h − gn

3,h∥20,Σ ≤ τ∥gn
3,h∥2L∞(Σ) + h2∥gn

3,h∥21,Σ. (4.20)

The introduction of these assumptions yields the following bound:

Lemma 4.2. Under Assumptions 4.1 and 4.2, for any ϵ > 0, we have

n∑
m=1

τ

∫
Σ

em
λ,h · gm

2,h ≤ ϵ max
1≤m≤n

(Em
h + Sm

h ) +
1

ϵ
Ψn

h,

having

Ψn
h :=

ρs

2
∥g̃n

2,h∥20,Ωs +
Th2

2

n∑
m=1

∥gm
3,h∥21,Σ + τ

n∑
m=1

(
∥gm

3,h∥2L∞(Σ)

+ ρsTτ 2∥∂2
τLm

s,h∥20,Ωs + ρsTτ 2∥∂2
τR

s
hḋ

m∥20,Ωs + T∥g̃m
2,h∥2s

+ ρsT∥∂tḋm − ∂τR
s
hḋ

m∥20,Ωs +
ρs

T
∥g̃m

2,h∥20,Ωs + T∥em
d,Π∥2s +

1

T
∥g̃m

2,h∥2s
)
.

Proof. From (4.18) and owning to (4.19), we can rewrite gn
2,h as

gn
2,h = gn

3,h + g̃n
4,h = gn

3,h + g̃n
2,h − g̃n

3,h.

Substituting the latter into (4.17), we have

T7 = τ
n∑

m=1

∫
Σ

em
λ,h · gm

2,h = τ
n∑

m=1

∫
Σ

em
λ,h · (gm

3,h − g̃m
3,h)︸ ︷︷ ︸

T8

+τ

n∑
m=1

∫
Σ

em
λ,h · g̃m

2,h︸ ︷︷ ︸
T9

. (4.21)

We now proceed as in [13, 20]. Term T8 can be bounded using Cauchy-Schwartz and
Young’s inequality and (4.20) as follows:

T8 ≤
T

2ϵ

n∑
m=1

∥gm
3,h − g̃m

3,h∥20,Σ +
ϵτ 2

2T

n∑
m=1

∥em
λ,h∥20,Σ

≤ CT

2ϵ

n∑
m=1

(
τ∥gm

3,h∥2L∞(Σ) + h2∥gm
3,h∥21,Σ

)
+ ϵ max

1≤m≤n
En
h ,

In order to bound term T9, we test the solid error equation (4.12) with ξh = τ g̃n
2,h and
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sum over m = 1, . . . , n, which yields

T9 = ρsτ
n∑

m=1

∫
Ωs
(∂τem

ḋ,h
· g̃m

2,h)︸ ︷︷ ︸
T9,1

−τ
n∑

m=1

as(em
d,h, g̃

m
2,h)︸ ︷︷ ︸

T9,2

−τ
n∑

m=1

2∑
i=1

T s
i (g̃

m
2,h)︸ ︷︷ ︸

T9,3

.

As we did previously, we proceed by estimating each term separately. For the first term, we
start using summation by parts. For two sequences {am}nm=1 and {bm}nm=1, the summation
by parts formula states: if a0 = 0 and b0 = 0, then

n∑
m=1

(am − am−1) · bm = an · bn −
n∑

m=1

am−1 · (bm − bm−1).

Applying the latter to term T9,1 yields

T9,1 =
n∑

m=1

ρs
∫ s

Ω

(em
ḋ,h

− em−1

ḋ,h
) · g̃m

2,h = ρs
∫
Ωs

en
ḋ,h

· g̃n
2,h − ρs

n∑
m=1

∫
Ωs

em−1

ḋ,h
· (g̃m

2,h − g̃m−1
2,h ).

Then, using definition (4.19) we can write the difference g̃m
2,h − g̃m−1

2,h as

g̃m
2,h − g̃m−1

2,h = −ϕ̃σ(dm − dm−1)ñs +Rs
h(ḋ

m−1 − ḋm)|Σ
+ ϕ̃σ(dm−1 − dm−2)ñs −Rs

h(ḋ
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= −∂2
τLm

s,h − ∂2
τR

s
hḋ

m,

and reasoning as T8, we have

T9,1 ≤ 2ϵ max
1≤m≤n

Sm
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ρs

2ϵ
∥g̃n

2,h∥20,Ωs +
ρsT

2τϵ
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hḋ
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2ϵ
∥g̃n

2,h∥20,Ωs + ρsTτ
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ϵ
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hḋ
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We proceed similarly for T9,2

T9,2 ≤
τϵ

2T

n∑
m=1

∥em
d,h∥2s +

τT

2ϵ

n∑
m=1

∥g̃m
2,h∥2s ≤ ϵ max

1≤m≤n
Sm
h +

τT

2ϵ

n∑
m=1

∥g̃m
2,h∥2s .
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Finally, for the last term, we have

T9,3 =
n∑

m=1

[
ρs
∫
Ωs
(∂tḋ

m − ∂τR
s
hḋ

m) · τ g̃m
2,h − as(em

d,Π, τ g̃
m
2,h)

]
≤ ρs τT

2

n∑
m=1

∥∂tḋm − ∂τR
s
hḋ

m∥20,Ωs + ρs τ

2T

n∑
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∥g̃m
2,h∥20,Ωs +

τT

2

n∑
m=1

∥em
d,Π∥2s

+
τ

2T

n∑
m=1

∥g̃m
2,h∥2s .

Inserting the bounds into (4.21), we obtain the thesis.

The last step is to bound each term in Dn
h and Ψn

h in Lemma 4.1 and 4.2. This is done
using the approximations properties of Rs

h and Rf
h. The result reads as follows:

Lemma 4.3. Under assumptions 4.1 and 4.2, for 1 ≤ n ≤ N , there follows

Dn
h +Ψn

h ≤ τ 2
T (L1 + L2)

3

α

(
1 + log

1

τ

)
∥ḋ∥2L2(0,T ;W 1,∞(Ωs)) + Yτ,h,

where

Yτ,h ≤(L1 + L2)h
2∥dn∥2L∞(0,T ;H2(Ωs)) +

(h4 + τ 2)(L1 + L2)
2

2
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A complete proof is provided in [13, Appendix B].

The final error estimates follows by combining all the results stated in Lemmas 4.1–4.3.
This establishes a quasi-optimal first-order convergence for the global error in the Robin-
Neumann scheme:

Theorem 4.1. Under Assumptions 4.1 and 4.2, and supposing that (4.9) holds, the dis-
crete error is bounded by:

max
1≤m≤n

{Sm
h + Em

h }+
n∑

m=1

(Wm
h + Zm

h ) ≤ τ 2
T (L1 + L2)

3

α

(
1 + log

1

τ

)
∥ḋ∥2L2(0,T ;W 1,∞(Ωs)) + Yτ,h.

This error bound controls squared terms on the left-hand side by a leading term propor-
tional to τ 2(1 + log τ−1). Taking the square root on both sides, it leads to an error of
order O(τ

√
1 + log τ−1) in time. This is referred to as quasi-optimal since the additional

logarithmic factor slightly perturbs the ideal linear rate.
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In this chapter we firstly discuss the optimization of the Robin parameter choice. Then,
we present a simple benchmark with the aim of validating the proposed partitioned schemes
and theoretical findings reported in the previous chapters. It will highlight the differences
between the LC-RN and LC-NR schemes and the choice in time discretization in terms
of stability, accuracy and convergence rates, when changing the Robin parameter α, the
number of correction iterations and Young’s modulus E. The α found heuristically will
be compared with the optimal estimates.

5.1. Optimization of the Robin parameter α

Before analyzing the numerical results, a brief digression on how to find the optimal
value of the Robin parameter α is needed, as we have not yet discussed it. This section
summarizes the main results found in [33].

The study was conducted for a an iterative strongly coupled Robin-Robin scheme, study-
ing separately the optimization of the parameter αf

opt associated to the fluid Robin con-
dition and parameter αs

opt associated to the solid Robin one. We will adapt the results
to the case of this thesis. It is clear that the Robin-Neumann case is obtained by simply
setting and α = αf

opt, and the Neumann-Robin is obtained setting α = αs
opt.

Thanks to Fourier transform, which introduces a new variable k representing the fre-
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quency, it is possible to identify the reduction factor

ρm :=
|p̂m − p̂|

|p̂m−1 − p̂m|
.

This allows to quantify the error at the m-th iteration p̂m with respect to the exact solution
p̂. In order to have that the scheme converges, the reduction factor at each iteration must
be strictly less than one for all the relevant frequencies of the problem.

The core idea of the optimization procedure is to find the Robin parameters such that
the reduction factor is minimized. The optimal fluid coefficient for a potential flow is

αf
opt =

ρsHs

∆t
+ βHs∆t, where β =

E

(1− ν2)R2
. (5.1)

This expression separates two contributions: a mass term (ρsHs/∆t) related to the density
effect and time discretization, and a stiffness term (βHs∆t) related to the structure’s
elastic stiffness.

It has been shown in [1, 2] that the Robin–Neumann scheme, with parameter α = αf
opt

defined in (5.1), exhibits good performance and is less sensitive to the added mass effect
than the Dirichlet–Neumann scheme.

Regarding the solid-side coefficient, the optimization analysis for a potential flow leads to

αs
opt =

2ρf

τkmax
, (5.2)

where kmax depends on the problem formulation: indeed, in a axisymmetric (radial) for-
mulation, as in [35], when using Bessel functions, the maximum frequency that is possible
to reach is kmax = R

h
, reflecting the resolvable number of radial oscillations within the do-

main. On the other hand, when working with non-axisymmetric (planar) discretization,
the highest frequency is limited by the Nyquist-Shannon criterion [60]: k < kmax = π

h
.

Although the model problem addressed in this thesis is more complex than the one used
in [33], (5.1) and (5.2) can nevertheless be employed as approximate estimates to avoid
tuning the parameter running multiple simulations changing it every time.

5.2. Numerical setup

Starting from a pre-made code for the Robin-Robin scheme, we have implemented the
schemes LC-RN-BDF1, LC-RN-MD, LC-NR-BDF1 and LC-NR-MD (Algorithms 2.2, 2.3,
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3.1 and 3.2) in FreeFem++ on a standard benchmark [28]: we simulated a rectangular tube
(Figure 2.1) of dimensions L = 6, R = 0.5 and Hs = 0.1. Moreover, we choose ρf = 1.0

and ρs = 1.1, with Lamè coefficients L1 = 1.15·106 and L2 = 1.7·106. We also included the
transversal membrane effect that appear when the structure is written in axisymmetric
form, denoted by the coefficient β. We choose β = 4 · 106 as in [1].

An example of numerical solution with previous parameters is shown in Figure 5.1, which
highlights the evolution of the fluid pressure and the solid displacement at different time
instances, obtained using the monolithic solver. For illustration purposes, the solid dis-
placement is magnified via a factor 5. The results illustrate the fluid-structure interaction,
where the solid displacement is influenced by the fluid pressure, and vice versa.

Figure 5.1: Fluid pressure and solid displacement at different time instances (from top to
bottom: t = 1 · 10−4, t = 5 · 10−4, t = 1 · 10−3) using MONO-BDF1 (Algorithm 2.1).

In order to check the accuracy of the solution, we firstly computed a reference solution
using the monolithic scheme MONO-BDF1 (Algorithm 2.1) on a very fine mesh and with
a very fine time-step (h = 0.1/25 and τ = 1 · 10−6). Since we are working in FreeFem++,
the software itself chooses the most appropriate solver and preconditioning strategy in
order to solve the global system.

The obtained values of the fluid velocity uM
ref , solid velocity ḋM

ref and solid displacement
dM
ref (in the whole domain and on the interface) at the final time instance M are used

as our reference solution. In the labels of the figures of following sections, the reference
solution will be referred to as strongly coupled.

Then, multiple simulations using Robin-Neumann and Neumann-Robin schemes were
done starting from an initial mesh size of h = 0.1 and a time step of τ = 5 · 10−4, and
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refining them in half each time, i.e

τ =

{
5 · 10−4

2i

}4

i=0

, h =

{
0.1

2i

}4

i=0

.

From now on, the term refinement at level i, or the notation "refinement = i" will indicate
a simultaneous division by 2i, on the initial mesh size and the time step.

5.3. Robin-Neumann scheme

We first present the results for the Robin-Neumann loosely coupled schemes, which are
implemented in Algorithms 2.2 and 2.3. We start by discussing the energy stability of
the schemes, showing that LC-RN-MD is unconditionally unstable. Then, the study will
focus on the convergence rates for the LC-RN-BDF1 scheme, comparing them with the
Robin-Robin loosely coupled schemes.

5.3.1. Energy stability verification

As a first step, the goal is to check whether the LC-RN-BDF1 and LC-RN-MD schemes
are stable. In order to do so, we compute the elastic energy from the solid elastic energy:

S = ∥dn
h∥2s ,

found in the definition of En
h in Theorem 2.1. S represents just one contribution of En

h ,
and it was chosen to simplify the computation. Nevertheless, the blow-up of this term
will be used can be used as an indicator of instability: indeed, if this term has a steep
increase over time, it suggests fails to preserve stability.

Figure 5.2 shows the energy trend over time for LC-RN-BDF1 and LC-RN-MD, consid-
ering different values of α. The figure clearly shows that the energy remains bounded
over time for LC-RN-BDF1. It exhibits a stable energy trend, contrary to LC-RN-MD,
which exhibits oscillations for all values of α. Even though low values of α could give
the impression of a good convergence, the errors are not reliable, as they are not stable
over time. Indeed, if we run the simulation for a longer time, we will see the oscillations
starting to appear later in time, leading to an unstable solution. This behavior is consis-
tent with the theoretical expectations regarding the stability of these schemes presented
in Theorem 2.2.

As a consequence, from now on, the convergence analysis results will be discussed exclu-
sively for LC-RN-BDF1, which is the only one that exhibits stable energy behavior.
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Figure 5.2: Energy trend over time for the LC-RN-BDF1 and LC-RN-MD, considering
different values of α with τ = 5 · 10−4 and h = 0.1.

Figure 5.3: Solid displacement at the final time instance T = 0.015 using LC-RN-BDF1
(top-left), LC-RR-BDF1 (top-right) and LC-RR-MD (bottom) for α = 500 and increasing
refinements. Each case is compared with the reference solution obtained by MONO-BDF1.
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We computed the solid displacement at the final time instance T = 0.015 for different
levels of refinements, presented in Figure 5.3, which contains also the solid displacement re-
sults for the Robin-Robin schemes, (Algorithms A.1 and A.2), denoted with LC-RR-BDF1
and LC-RR-MD, for comparison purposes. The results are shown for α = 500, which is a
value that satisfies the stability condition (2.20). Across all schemes, convergence toward
the reference solution improves as the mesh is refined. LC-RN-BDF1 shows a consistent
convergence trend, closely matching the reference solution atthe fourth refinement, as
well as the Robin-Robin schemes. Therefore, we can conclude that the Robin-Neumann
scheme is able to capture the solid displacement.

5.3.2. Observed convergence rates

The convergence rates are studied starting from the computational error. The errors are
evaluated for all the unknowns of the problem, but the fluid pressure, in order to show
the accuracy of the scheme in approximating the reference solution. In particular, they
were evaluated using the L2 norm for u,d, ḋ and in the energy norm (2.6) for d as

∥dM
ref − d(T )∥
∥dM

ref∥
.

We decided not to study the fluid pressure convergence as it was significantly demanding
from a memory point of view. Indeed, unlike all the other variables, from the convergence
analysis, we are not able to control the normal at each time step, but only the integral of
the error. Therefore, the pressure field would needo to be stored at every time instant.

The results are presented in Figures 5.4 and 5.5. In Figure 5.4, we compare the con-
vergence rates of the solid displacement error in the energy norm for both LC-RR and
LC-RN methods, across different values of the Robin parameter α.

The plots clearly show that the error decreases at an approximately linear rate as the mesh
and time step are refined, confirming that both schemes exhibit first-order convergence, as
theoretically expected. Furthermore, the curves corresponding to LC-RN-BDF1, LC-RR-
BDF1 and LC-RR-MD are closely aligned, demonstrating a consistent behavior between
the two formulations in terms of accuracy.

Figure 5.5 provides a more detailed breakdown of the convergence behavior for the Robin-
Neumann scheme. The figure shows the convergence of the four desired quantities. In all
cases, the error curves exhibit a clear trend of first-order convergence as the refinements
increase, further validating the reliability and consistency of the numerical scheme.
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Figure 5.4: Convergence comparison between LC-RN-BDF1 (top-left), LC-RR-BDF1
(top-right) and LC-RR-MD (bottom) for the error of the solid displacement, with dif-
ferent values of α.

It is important to note that, in both Figures 5.4 and 5.5, the behavior of the error is
influenced by the value of α: generally, the higher the better, but always satisfying the
stability constraint (2.20), which imposes limitations on α. Specifically, for α = 2000, the
error becomes significantly higher for the coarser refinement. This is highly different from
the Robin-Robin case, where the accuracy of the method tends to degrade for larger or
smaller values of α.

A convergence study with respect to the number of correction iterations has also been
performed to study the sensitivity of the solutions to correction iterations. The results,
shown in Figure 5.6, are provided only for the BDF1 formulation for the solid displace-
ment in the energy norm. Although the figure highlights this specific case, it is relevant to
notice that a similar convergence behavior is observed for all the other solution variables,
indicating a consistent trend. From the plot, it is clear that LC-RN-BDF1 performs al-
ready very well in the base case. However, with just a few correction iterations lead to a
significant reduction in the error, approaching the accuracy of the strongly coupled refer-
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(a) d in the L2 norm (b) ḋ in the L2 norm

(c) d in the energy norm (d) u in the L2 norm

Figure 5.5: Convergence rates for LC-RN-BDF1 evaluating the errors of the problem
unknowns for different values of α and 0 corrections iterations.

ence solution. Overall, the results show the expected first-order accuracy for a restricted
set of α, which satisfy (2.20).

Since with α = 1000, we already see some instabilities, the next analysis is carried out
for α = 500. Accordingly to the optimization analysis presented previously, the optimal
value of α should be αopt = 420. Therefore, the choice of α = 500 can be considered
sufficiently close to the theoretical value. Let us recall that the theoretical value was
found in a slightly different configuration, hence this small deviation is expected and it
does not compromise the validity of our results.

Now, we want to examine the influence of the physical parameters on the accuracy of the
solution for α = 500. The study is carried out for one value of α, but it is important to
highlight that the optimal value of the Robin parameter depends on β, which in its turn,
depends on E. Consequently, the optimal value of α changes in the three scenarios. This
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(a) α = 125 (b) α = 250

(c) α = 500 (d) α = 1000

Figure 5.6: Convergence rates for LC-RN-BDF1-CI evaluating the errors of the solid dis-
placement in the energy norm for different values of α and different number of corrections.

is proved by Figure 5.7 and 5.8, which show the convergence history for the solid displace-
ment in the energy norm for both the LC-RN-BDF1-CI and LC-RR-CI, with different
values of the Young’s modulus E. The Robin-Robin case is included for comparison, and
its analysis (for the mid-point scheme) is better treated in [13]. It is evident that LC-RN-
BDF1-CI is less sensitive to the stiffness of the solid, when the number of corrections is
equal to zero, as the error remains relatively stable across different values. At the same
time, when E = 1.58 · 105, we start to see that the error reaches higher values. For both
schemes, the error deeply decreases the moment we add a few correction iterations.
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(a) E = 1.58 · 106 (b) E = 3.16 · 105

(c) E = 1.58 · 105

Figure 5.7: Convergence rates for LC-RN-BDF1-CI evaluating the errors of the solid
displacement in the energy norm for α = 500 and different values of the Young’s module
E.
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(a) E = 1.58 · 106

(b) E = 3.16 · 105

(c) E = 1.58 · 105

Figure 5.8: Convergence rates for LC-RR-BDF1-CI (on the left column) and LC-RR-MD-
CI (on the right column), evaluating the errors of the solid displacement in the energy
norm for α = 500 and different values of the Young’s module E.
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5.4. Neumann-Robin scheme

We also implemented the Neumann-Robin loosely coupled scheme, as described in Algo-
rithm 3.1 and 3.2. We proceed the discussion of the results in a similar way as for the
standard Robin-Neumann scheme, starting with the energy stability and then presenting
the convergence rates.

Figure 5.9 shows the time evolution of the elastic energy for Algorithms 3.1 and 3.2, for
different values of α. The energy is computed exactly as the standard case, from the only
term S = ∥dn

h∥2s . The figure shows that the Neumann-Robin scheme maintains a stable
energy evolution over time, for both LC-NR-BDF1 and LC-NR-MD schemes. We included
also the case of α = 500 to show the behavior of the schemes for a value of α that does not
satisfy the stability condition (3.7). This is consistent with the theoretical expectations
regarding the stability of these scheme, stated in Theorems 3.1 and 3.2, confirming that
the reversed coupling conditions do not introduce additional instabilities in the energy
evolution.

Figure 5.9: Energy trend over time for the LC-NR-BDF1 and LC-NR-MD, considering
different values of α with τ = 5 · 10−4 and h = 0.1.

Then, we computed the solid displacement at the final time instance T = 0.015 using the
Neumann-Robin schemes for different levels of refinements, presented in Figure 5.10. The
results are shown for α = 125, which is a value that satisfies the stability condition (3.7).
The figure clearly illustrates that, as the mesh and time step are refined, the solution
converges towards the reference solution, demonstrating the effectiveness of both of the
Neumann-Robin schemes in capturing the solid displacement accurately.
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Figure 5.10: Solid displacement at the final time instance T = 0.015 using the LC-NR-
BDF1 (on the left) and LC-NR-MD (on the right) schemes with α = 125 for increasing
refinements.

The convergence results are presented in Figure 5.11. The figure shows the convergence of
the solid displacement error in the energy norm for different values of α. It is important
to remark that the case of α = 250 is not reported for the LC-NR-MD case, as its
error resulted extremely large, leading to the conclusion that this value is not satisfied
by the CFL-like condition for stability. The results indicate that the Neumann-Robin
scheme exhibits a similar convergence behavior to the standard Robin-Neumann scheme.
However, it is clear that the values of α that satisfy the stability condition (3.7) for the
BDF1 scheme and that can produce accurte results are significantly lower than the ones
for the standard Robin-Neumann scheme.

Figure 5.11: Convergence rates for LC-NR-BDF1 (on the left) and LC-NR-MD (on the
right) evaluating the errors of the solid displacement in the energy norm for different
values of α.

We also performed a convergence study with respect to the number of correction iterations
for the Neumann-Robin scheme. The results, shown in Figure 5.12, are provided only for
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LC-NR-BDF1-CI and LC-NR-MD-CI for the solid displacement in the energy norm with
a Robin parameter of α = 125. Here, the optimal value of α, which now refers to the
solid, can be found from (5.2). This results in having αopt = 127. We therefore choose
α = 125 as the best value to carry the analysis.

Figure 5.12a highlights that, similarly to the Robin-Neumann scheme, the Neumann-
Robin scheme performs well in the base case. However, with just a few correction itera-
tions, it leads to a significant reduction in the error, approaching the accuracy of the fully
coupled reference solution. It is noticeable that, with respect to the previous case, the
errors seem to be slightly better that the reference solution. The fact that we don’t have
an exact solution for the problem, but only a fine approximation of it, obtained using a
monolithic formulation, could affect the errors and lead to this behavior.

Lastly, as we did for the Robin-Neumann scheme, we want to examine the influence of the
physical parameters on the accuracy of the solution for the best choice of α. The study
is carried out only for the value of α = 125 in Figures 5.12b and 5.12c. The results show
that, as E decreases, the zero-correction case is already able to well capture the implicit
solution, and with just a few correction iterations, the error is significantly reduced.
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(a) E = 1.58 · 106

(b) E = 3.16 · 105

(c) E = 1.58 · 105

Figure 5.12: Convergence rates for LC-NR-BDF1-CI (on the left) and LC-NR-MD-CI (on
the right), evaluating the errors of the solid displacement in the energy norm for α = 125,
different values of the Young’s modulus E.





Part II

Nonlinear Setting

The second part of this thesis extends the study to nonlinear fluid-structure interaction
problems, aiming to assess the robustness and applicability of loosely coupled schemes in
more realistic and complex settings. The primary goal here is to adapt and evaluate the
Neumann-Robin time-splitting strategy in the presence of nonlinearities.

This part is structured as follows:

Chapter 6. It introduces the nonlinear monolithic formulation as a reference point, fol-
lowed by the derivation of a partitioned Neumann-Robin scheme tailored for the nonlinear
context in non moving domains with the ALE map.

Chapter 7. It presents several benchmark test cases in two and three dimensions, in-
cluding a 2D balloon, a 2D lid-driven cavity and a 3D tube, which serve to assess the
scheme’s stability and accuracy. The results highlight the potential and limitations of the
proposed method in capturing nonlinear FSI dynamics while maintaining computational
efficiency and modularity.
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This chapter aims to present the nonlinear fluid-structure interaction problem in a mov-
ing domain. After presenting the problem in ALE formalism, the monolithic formulation
is proposed. Focus will be on the use of Neumann-Robin coupling conditions: stabiliza-
tion techniques are incorporated to handle the challenges posed by nonlinearities and high
Reynolds numbers. The chapter concludes by outlining the fully discretized algorithm,
which will serve as the basis for the numerical assessment in the next chapter.

6.1. Model problem

This section aims to present the fluid equations, solid equations and coupling conditions
in non linear settings.

The reference configuration is represented by Ω := Ωf ∪ Ωs ⊂ Rd and with interface
Σ := ∂Ωf ∩ ∂Ωs. For all t > 0, we denote the moving fluid domain by Ωf(t) and the
moving solid domain by Ωs(t). The current configuration of the interface is denoted by
Σ(t) := ∂Ωf(t) ∩ ∂Ωs(t).

As the fluid domain is deformable, it strictly depends on the solid displacement d :
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Ωs × R+ → Rd, with d = 2, 3., with d = 2, 3, through a deformation map

φ : Ωs × R+ → Rd.

We will denote φt := φ(·, t). As a consequence, it is possible to write the solid domain
evolution as Ωs(t) := φt(Ω

s), as well as the interface evolution as Γ(t) := φt(Γ).

Regarding the solid model, the choice falls on the most appropriate one (for instance,
rigid models or elastic models), usually written in Lagrangian coordinates. Here, the
main focus wants to be on the fluid equations. The equations that describe fluid motions
are the Navier-Stokes equations, in Eulerian coordinates. The system equations are:

ρs∂tḋ− divσs(d) = 0 in Ωs,

ḋ = ∂td in Ωs,

ρf∂tu+ ρf(u ·∇)u− divσf(u, p) = 0 in Ωf(t),

divu = 0 in Ωf(t).

where σs(d) and σf(u, p) are exactly as defined in (2.2) and (2.3).

In order to couple the Lagrangian model of the solid with the Eulerian model of the fluid,
the solid displacement d and the solid velocity ḋ, living on the reference configuration,
must be transformed through the map φt.

6.2. Introduction to the ALE formalism

In FSI problems, the fluid domain Ωf represents itself an unknown of the problem. To ac-
count for its motion, the incompressible Navier-Stokes equations are written in Arbitrary
Lagrangian-Eulerian formalism (ALE) [22, 29] while the solid is described by a nonlinear
elastodynamic model [14] in total Lagrangian formalism.

This section aims to present the main concepts of the ALE approach, which will be later
applied onto the problem of our consideration.

6.2.1. The ALE map

In order to parametrize the fluid domain motion, we employ a bijective map, known as
ALE map (see Figure 6.1)

A : Ωf × R+ → Rd
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Figure 6.1: Example of computational fluid domain Ωf, whose evolution Ωf(t) is described
by the ALE map At.

with d = 2, 3, defined such that Ωf(t) = A(Ωf, t) for any t > 0. Introducing the notation
At := A(·, t), for any general Eulerian field f , we will denote its ALE description in Ωf

with a hat, for example f̂ , obtained by composing f itself with the ALE map:

f̂(x, t) := f(A(x, t), t) ∀x ∈ Ωf,

or equivalently, f̂(·, t) = f(·, t) ◦ At. Conversely, since the ALE map is bijective, the
inverse map A−1 can be used, by composition, to transport a given field from the current
configuration to the reference configuration:

f(x(t), t) = f̂(A−1(x(t)), t) ∀x(t) ∈ Ωf(t),

also written as f(·, t) = f̂(·, t) ◦A−1
t .

6.2.2. Construction of the ALE map

The ALE map can be defined as a function of the fluid domain displacement df = Ext(d|Σ),
having A = IΩf + df. Here, Ext is a lifting operator of the solid displacement from Σ to
Ωf and IΩf is the identity operator on Ωf. As a consequence, we have that df = d on Σ.
On the other hand, as the inlet and outlet boundaries are fixed, we have that df = 0 on
Γf.

One possible way to construct the ALE map is to construct the operator Ext that solves
a an harmonic extension of the displacement df resulting in the following system:

∆df = 0 in Ωf,

df = d on Σ,

df = 0 on Γf.
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6.2.3. The ALE time derivative

The fluid domain velocity (or mesh velocity) w is defined as

w := ∂tAt = ∂tdf in Ωf(t).

For a general vectorial Eulerian field f, we can define the ALE time derivative as:

∂tf |A(x(t), t) =
d
dt

f (A(x, t), t),

which then gives, thanks to the chain rule, the following expression

∂f
∂t

∣∣∣
A
:=

∂f
∂t

+w ·∇f. (6.1)

6.3. Application to FSI problems

In this section we reformulate the FSI problem (2.1) considered in the first part when
applying the ALE formalism.

To apply the ALE formalism, we need to change the reference frame of the Navier-Stokes
equations by changing the time derivative term. The strongly coupled problem is defined
as follows: find the fluid velocity û : Ωf × R+ → Rd, the fluid pressure p̂ : Ωf × R+ → Rd,
the solid displacement d : Ωs × R+ → Rd and the solid velocity ḋ : Ωs × R+ → Rd such
that: 

ρf∂tu|A + ρf(u−w) ·∇u− divσf(u, p) = 0 in Ωf(t),

divu = 0 in Ωf(t),

u = 0 on Γf,

ρs∂tḋ− div (F sΣ̃(d)) = 0 in Ωs,

ḋ = ∂td in Ωs,

d = 0 on Γs,

df = L(d|Σ), w = ∂tdf, A = IΩf + df, Ωf(t) = A(Ωf, t),

û = ḋ on Σ,

F sΣ̃(d)ns = −Jσ̂f(u, p)F−Tn̂ on Σ,

(6.2)

complemented with appropriate initial conditions û(0) = û0 in Ωf, d(0) = d0 and ḋ(0) =
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ḋ0 in Ωs.

In system (6.2), F s := I+∇d is the gradient of deformation of the solid and Σ̃(d) is the
second Piola-Kirchhoff stress tensor. For an hyperelastic material, it is given as a function
of the internal energy functional W : Rd×d

sym → R+:

Σ̃ =
∂W

∂E
(E), E =

1

2
((F s)TF s − I)

where E denotes the Green-Lagrange strain tensor.

The coupling condition (6.2)7 states that the solid displacement df is related to the solid
displacement d on the interface Σ through a linear lifting operator L. This operator is the
mathematical tool that transfers the Lagrangian displacement of the solid at the interface
into the ALE displacement of the fluid domain. This connection allows the Eulerian
fluid domain to deform consistently with the solid, despite being governed in a different
reference frame. Thus, L is the bridge between the Lagrangian description of the solid
and the ALE description of the fluid. In particular, condition (6.2)7 ensures the fluid and
solid domains fit together geometrically, while conditions (6.2)8,9 guarantee the coupling
of motion and forces across the interface.

6.3.1. Monolithic formulation

We consider the same spaces (2.4) as in the linear setting. Let (û, p̂,d, ḋ) be the solution of
the nonlinear problem (6.2). The monolithic variational formulation reads as in Algorithm
6.1. The coupling conditions (6.2) are applied strongly thanks to the imposition of v = ξ

on the interface Σ.

Algorithm 6.1 Continuous weak formulation of the nonlinear coupled problem
For t > 0, find (û(t), p̂(t),d(t), ḋ(t)) ∈ Vf ×M f ×Vs ×Vs with ḋ = ∂td, u = ḋ, and such
that:

ρf d

dt

∫
Ωf(t)

u · v− ρf
∫
Ωf(t)

(divw)u · v+ ρf
∫
Ωf(t)

(u−w) ·∇u · v+ 2µ

∫
Ωf(t)

ϵ(u) : ϵ(v)

−
∫
Ωf(t)

pdiv v+

∫
Ωf(t)

qdivu+ ρs
∫
Ωs

∂tḋ · ξ +

∫
Ωs

Σ̃ :
1

2

[
(Fs)T∇ξ + (∇ξ)TFs] = 0,

for all (v, q, ξ) ∈ Vf ×M f ×Vs, with v|Σ = ξ|Σ.

We emphasize that Algorithm 6.1 is written using the conservative formulation, which
ensures the preservation of mass and momentum within the moving fluid domain. This is
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reflected in the placement of the material derivative d
dt outside of the integral over Ωf(t)

and the appearance of the second integral thanks to Reynolds transport theorem [30,
Proposition 3.7]. On the other hand, as the solid domain is considered to be fixed, the
time derivative applied to the solid velocity ∂tḋ can be left inside of the integral.

6.3.2. Neumann-Robin loosely coupled scheme

The purpose of this section is to present the Neumann-Robin loosely coupled scheme
applied to the nonlinear problem (6.2). We focus on the discretization in time with BDF1
in the fluid domain and mid-point in the solid domain. This choice motivated by the code
structure of the FELiScE library, used to implement the scheme, but this point will be
better treated in Chapter 7. As a consequence, we will only work with the LC-NR-MD
problem, since from Section 2.3.2, we know that Robin-Neumann with midpoint in the
solid (LC-RN-MD) is unconditionally unstable. We remind that the actual procedure
starts with solving the solid subproblem with the Robin condition. This ordering follows
the same convention used for the linear case in Chapter 3.

We use the same spaces as in the linear setting (2.8) and we introduce the solid stresses
on the reference configuration on Σ as

λn := Fs,nΣ̃
n
ns.

The time stepping procedure is defined as follows:

ρs∂τ ḋ
n − div

(
Fs,n− 1

2 Σ̃
n− 1

2

)
= 0 in Ωs,

ḋn− 1
2 = ∂τdn in Ωs,

dn = 0 on Γs,

λn− 1
2 + αḋn− 1

2 = αûn−1 + λn− 3
2 on Σ,{

df,n = L(dn−1|Σ), wn = ∂τd f,n, An = IΩf + df,n, Ωf,n = An(Ωf),

ρf∂τun|A + ρf(un−1 −wn) · ∇un − divσf(un, pn) = 0 in Ωf,n,

divun = 0 in Ωf,n,

un = 0 on Γf,

Jnσ̂(un, pn)(Fn)−Tn̂ = −λn− 1
2 on Σ,

where we have denoted with Σ̃
n− 1

2 the mid-point approximation of the second Piola-
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Kirchhoff stress tensor, defined as

Σ̃
n− 1

2 :=
∂W

∂E
(En− 1

2 ), En− 1
2 := E(dn− 1

2 )

Regarding the space discretization, we employ the same spaces as in the linear setting
(2.8). The fully discrete Neumann-Robin loosely coupled scheme with BDF1 for the
nonlinear problem is presented in Algorithm 6.2.

Here, the fluid bilinear form

aΩf,n(un−1
h ,wn

h; (u
n
h, p

n
h), (vh, qh)) := ρf

∫
Ωf,n

(un−1
h −wn

h) · ∇un
h · vh

+
ρf

2

∫
Ωf,n

div (un−1
h − 2wn

h)u
n
h · vh −

ρf

2

∫
Σn

(un−1
h − ḋ

n− 1
2

h ) · nun
h · vh

+ 2µ

∫
Ωf,n

ϵh(un
h) : ϵh(vh)−

∫
Ωf,n

pnhdiv vh +

∫
Ωf,n

qhdivun
h

+ sf
h(u

n−1
h −wn

h; (u
n
h, p

n
h), (vh, qh))

incorporates Temam’s trick, that is ρf

2

∫
Ωf,n div (un−1

h )un
h · vh, to address the fact that

the discrete fluid velocities are not exactly divergence-free. Additionally, it includes a
stabilization term: one

(
ρf

2

∫
Σn(un−1

h − ḋ
n− 1

2
h ) · nun

h · vh
)

aimed at controlling the energy
contribution coming from the convective term, and another (sf

h(zh; (vh, qh), (vh, qh)) ≥
0, ∀(zh, vh, qh) ∈ Vf

h ×Vf
h ×M f

h), which represents an interior penalty approach, that is
designed to enhance stability and robustness when dealing with high Reynolds numbers
or when the inf-sup condition is not fully met [11, 56].

The algorithm could be adapted to include correction iterations, as in the linear setting,
to improve the accuracy of the solution, and it can be found in Appendix B.
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Algorithm 6.2 Loosely coupled scheme with Neumann-Robin interface conditions and
mid-point scheme (LC-NR-MD) applied to the non linear problem
Given u0

h,d
f,0
h ,d0

h, ḋ
0
h,λ

0
h and α, find ∀n ≥ 1:

1. Solid subproblem: find (dn
h, ḋ

n
h) ∈ Vs

h ×Vs
h, such that ḋ

n− 1
2

h = ∂τdn
h and

ρs
∫
Ωs

∂τ ḋ
n
h · ξh +

∫
Ωs

Σ̃
n− 1

2

h :
1

2

[
(Fs,n− 1

2
h )T∇ξh + (∇ξh)

TFs,n− 1
2

h

]
+ α

∫
Σ

(ḋn− 1
2 − ûn−1

h ) · ξh

=

∫
Σ

λ
n− 3

2
h · ξh

for all ξh ∈ Vs
h.

2. Solid-stress update: set λ
n− 1

2
h ∈ Vg

h as

λ
n− 1

2
h = λ

n− 3
2

h + α(ûn−1 − ḋn− 1
2 ) on Σ.

3. Update fluid domain:

df,n
h = L(dn−1

h |Σ), wn
h = ∂τd

f,n
h , An

h = IΩf + d f,n
h , Ωf,n = An

h(Ω
f).

4. Fluid subproblem: find (ûn
h, p̂

n
h) ∈ Vf

h ×M f
h such that

ρf

τ

(∫
Ωf,n

un
h · vh−

∫
Ωf,n−1

un−1
h · vh

)
+ aΩf,n(un−1

h ,wn
h; (u

n
h, p

n
h), (vh, qh))

= −
∫
Σ

λn− 1
2 · vh

for all (vh, qh) ∈ Vf
h ×M f

h.
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This chapter presents the numerical implementation of the LC-NR-MD scheme (Algorithm
6.2) and the results for some more complex fluid-structure interaction problems. The
results are provided for three test cases (2D inflating balloon, 2D lid-driven cavity and 3D
elastic tube), each illustrating different aspects of the scheme’s performance and accuracy.

7.1. Implementation details

For the implementation, we used the finite element library FELiScE1 developed by COM-
MEDIA project team at Inria Paris. We used the Robin-Robin (LC-RR-MD) code as
starting point, adapting it to our case. In order to promote code re-usability and fully
leverage FELiScE and MasterFSI (an auxiliary library in C++ that helps the communica-
tion between the solid and the fluid solver), the choice of mid-point time discretization
in the solid discussed in the previous chapter was adopted, as this library was built to
exchange the solid quantities evaluated at the mid-point in time.

The structure of the code consists in two separate solvers, one for the fluid and one for
the solid. At each time step, the solid solver is called, receiving the velocity un−1 and
pressure pn−1 from the fluid solver and computes the displacement dn− 1

2 and the velocity
1Finite Elements for LIfe SCiences and Engineering: https://team.inria.fr/commedia/software/

felisce/

https://team.inria.fr/commedia/software/felisce/
https://team.inria.fr/commedia/software/felisce/
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Fluid solver
(at step n−1)
un−1, pn−1

Solid solver
receives un−1, pn−1

computes dn, ḋ
n

Approximation of interface solid stress
λn− 1

2 + αḋn− 1
2 = αun−1 + λn− 3

2

with λn− 3
2 = Jn−1σ̂(un−1, pn−1)(Fn−1)−Tn̂

Fluid solver
receives dn− 1

2 , ḋn− 1
2

updates ALE map
computes un, pn

send un−1, pn−1

send dn− 1
2 , ḋn− 1

2

use coupling condition

next
time step

Figure 7.1: Flowchart of the communication beetween solid and fluid solver

ḋn− 1
2 , which are then sent to the fluid solver. Then the fluid solver is called and uses the

received displacement to update the ALE map and solve the Navier-Stokes equations in
the moving domain.

In particular, we observe that in Algorithm 6.2, the solid stress λn− 1
2 appears in the

coupling condition, but it is not actually computed or sent by the solid solver. To avoid
modifying the library structure, we apply a simple trick: we approximate the previous
interface stress by assuming we know λn− 3

2 = Jn−1σ̂(un−1, pn−1)(Fn−1)−Tn̂. This leads
to having the following coupling conditions:

λn− 1
2 + αḋn− 1

2 = αun−1 + λn− 3
2 on Σ.

This coupling mimics the classical Robin-Robin approach, but avoids implicit coupling
by using extrapolated fluid data from the previous time step.
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Both the fluid and the solid solver use a "prenonly" approach, which means that the solvers
that performs only one preconditioning step, without running more iterative solution
cycles. The preconditioning step combined with LU factorization simplifies the problem.

7.2. Test cases

This section presents in more details the different test cases used to validate the proposed
Neumann-Robin scheme. The physical parameters of the problems are summarized in
Table 7.1. All the units are given in the SI system.

Case ρf [kg/m3] µ [Pa·s] ρs [kg/m3] E [Pa] ν

Balloon 2D 1.1 0.1606 1000 7× 105 0.45
Cavity 2D 1.0 0.01 250 250 0
Tube 3D 1000 0.0035 1200 3× 105 0.3

Table 7.1: Physical parameters for the three different test cases (SI units)

The first two test cases do not involve added-mass effects, as their fluid and solid densities
ratio is very large, while the third one might exhibit a significant added-mass effect as ρf

and ρs are comparable.

In order to analyze the accuracy of the scheme, we want to perform a series of numerical
tests, comparing the results obtained with LC-NR-MD (Algorithm 6.2) with the ones
obtained using a strongly coupled approach. The latter is achieved performing a higher
number of correction iterations or until convergence up to a fixed tolerance of 10−10. We
set the same time-step τ for all simulations of a specific test case, in order to ensure a fair
comparison among the schemes.

7.2.1. 2D inflating balloon

We want to study a nonlinear fluid-structure interaction problem in a 2D domain shaped
like a balloon, firstly introduced in [41]. The same problem but on a thin solid has been
previously studied in [27]. The fluid domain Ωf is a rectangular duct connected with a
chamber of dimensions 3×3. The solid domain Ωs outlines the chamber, with a thickness
of Hs = 0.3. The interface Σ is the boundary between the two domains, where the fluid
and solid interact. For visibility reasons of the figure, the solid domain is represented with
a bigger width than the computed one. A fluid velocity is imposed at the inlet boundary
(maxuin = 1). The spatial approximation is done using P1/P1 continuous finite elements
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Figure 7.2: Balloon evolution, with LC-NR-MD (Algorithm 6.2 with α = 25, τ = 10−3),
at different time instances (from left to right: t = 1, t = 5, t = 10), highlighting the fluid
velocity magnitude.

with SUPG stabilisation in the fluid.

Figure 7.2 shows the evolution of the balloon at different time instances, using the LC-
NR-MD scheme (Algorithm 6.2). The fluid velocity magnitude is highlighted.

First of all, we plotted the time history of the mid-point solid displacement, using the
Neumann-Robin scheme, comparing different values of α for a fixed timestep. The results
are shown in Figure 7.3, which includes the LC-RR-MD scheme for comparison (Algorithm
A.3). We can see that the choice of α is crucial for the accuracy of the solution. In
particular, we observe that for small values of α, the solutions is far off from the monolithic
one. We only plotted the values of α that satisfy the stability condition (3.9), since the
others (e.g. α = 50) lead to instabilities so severe and immediate that they crash the
program, making it pointless to include them in the plots.

Through this numerical experiments, we observe that the solution obtained with the
Neumann-Robin scheme is not able to reach the same accuracy as the Robin-Robin
scheme, even for high values of α. This effect could be circumvented by decreasing the
time-step τ , but this would lead to a significant increase in the computational cost.

For different values of the Robin parameter, we performed a series of tests increasing the
number of correction iterations. The results are shown in Figure 7.4 for one specific value
of α = 6.25. We observe that a higher number of correction iterations leads to a more
accurate solution, as shown also from Table 7.2. The table reports the L2-differences
between the time history of the average solid displacement obtained with the reversed
RN scheme and the one obtained with the monolithic solver. In all cases, we observe that
the L2-difference decreases as we increase α. We note that the symbol ’X’ is used in the
table to indicate cases where the method did not converge. This lack of convergence is
attributed to values of α lying near the stability limit of the scheme.
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Figure 7.3: Comparison of the time histories of the solid displacement for the balloon test
case, using LC-NR-MD (Algorithm 6.2 with τ = 10−3), the LC-RR-MD (Algorithm A.3)
comparing different values of α.

Figure 7.4: Comparison of the time histories of the solid displacement for the balloon test
case, using LC-NR-MD-CI scheme (Algorithm B.3 with α = 6.25 and τ = 10−3), with
different correction iterations.

Correction iterations α = 6.25 α = 12.5 α = 25
K = 0 0.5743 0.4545 0.3420
K = 1 0.4545 0.3420 X
K = 2 0.3883 0.2801 X
K = 3 0.3419 X X

Table 7.2: L2-difference between the time history of the average solid displacement ob-
tained with the LC-NR-MD-CI scheme (Algorithm B.3) and the one obtained with the
monolithic solver (Algorithm 6.1) on the balloon test case.
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7.2.2. 2D lid-driven cavity

For the second test case, we want to analyze is the 2D lid-driven cavity problem [14, 31].
It consists in a unit square domain Ωf = [0, 1] × [0, 1] where the top lid is moving to
the right, creating a shear flow in the fluid, that makes the elastic bottom wall deform.
Differently from the previous cases, the solid domain is now thin: we replace the solid
subproblem in (6.2) with a nonlinear Timoshenko beam. At the initial time, the overall
system is at rest. An horizontal velocity u(t) = (1− cos(0.4πt); 0) is imposed on the top
lid. A no-slip condition is imposed on a portion of the left and right walls {0, 1}× [0, 0.9],
while on the remaining parts, a zero traction is applied. The spatial approximation is
done using P1/P1 continuous finite elements with SUPG stabilization in the fluid.

Figure 7.5 shows the evolution of the cavity at different time instances, using the
Neumann-Robin scheme (Algorithm 6.2). The fluid velocity magnitude is highlighted.

Figure 7.5: Cavity evolution, with LC-NR-MD (Algorithm 6.2 with α = 0.1, τ = 0.1), at
different time instances (from left to right: t = 0.2, t = 0.37, t = 0.5), highlighting the
fluid velocity.

Figures 7.6 shows the time history of the average solid displacement, comparing differ-
ent values of α, while Figure 7.7 reports the results when performing a few correction
iterations. The L2-differences of the errrors are reported in Table 7.3.

In this test case, contrary to the previous ones, the Neumann-Robin scheme is able to
reach a overall better accuracy, having lower L2-differences. This could be explained by
the fact that the physical parameter of the problem, Young’s modulus E, is significantly

lower than the ones used for the balloon and the tube. This result is consistent with the
findings presented in Figure 5.12, where we observed the same behavior.
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Figure 7.6: Time history of the solid displacement for the cavity test cases, using the
LC-NR-MD scheme (Algorithm 6.2 with τ = 0.1) and LC-RR-MD (Algorithm A.3),
comparing different values of α.

Figure 7.7: Time history of the solid displacement for the cavity test cases, using the LC-
NR-MD-CI scheme (Algorithm B.3 with α = 0.1 and τ = 0.1) with different correction
iterations.

Correction iterations α = 0.05 α = 0.1 α = 0.5
K = 0 0.1224 0.0738 0.0237
K = 1 0.0736 0.0442 0.0149
K = 2 0.0555 0.0327 X
K = 3 0.0442 0.0268 X

Table 7.3: L2-difference between the time history of the average solid displacement ob-
tained with the LC-NR-MD-CI scheme (Algorithm B.3) and the one obtained with the
monolithic solver (MONO-BDF1, Algorithm 6.1) on the cavity test case.
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7.2.3. 3D elastic tube

The last test case is the simulation of a pressure wave through a straight elastic tube [29,
Chapter 13], representing the 3D counterpart of the problem treated in the first part of
the report. The problem is defined in a cylindrical domain of length 5 and radius 0.5,
where the fluid flows through a tube with a solid elastic wall, of height 0.1. The systems
starts from a stationary state. A pressure of 1.3322 · 104 is applied at the inlet boundary
in the time frame [0, 5 · 10−3] seconds. The solid wall is clamped at the outlet boundary,
while the other boundaries are set to no-slip conditions. The spatial approximation is
done using P1/P1 continuous finite elements with SUPG stabilization in the fluid.

Figure 7.8 shows the evolution of the tube at different time instances, using the reversed
Robin-Neumann scheme (Algorithm 6.2). The fluid pressure is highlighted. For visual-
ization purposes, the solid displacement is scaled by a factor of 5.

Figure 7.8: Tube evolution, with LC-NR-MD scheme (Algorithm 6.2 with α = 200, τ =

10−4), at different time instances (from left to right: t = 0.03, t = 0.08, t = 0.13),
highlighting the fluid pressure.

As the previous test case, we want to analyze the accuracy of the scheme: the time history
of the solid displacement is plotted in Figure 7.9, comparing different values of α for a
fixed timestep. As the balloon test case, we can see that the choice of α is crucial, but we
still don’t have the same accuracy as the Robin-Robin scheme. Figure 7.10 reports the
results when performing a few correction iterations, while the L2-differences are reported
in Table 7.4. This behavior is a good indication that the Neumann-Robin scheme is able
to solve numerical problems under the influence of large added-mass effects.

Overall, the numerical experiments confirm that the proposed LC-NR-MD scheme pro-
vides stable results across a range of FSI configurations, with its performance strongly
influenced by the choice of the Robin parameter, highlighting the trade-off between com-
putational efficiency and accuracy compared to fully implicit approaches or other loosely
coupled approaches.
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Figure 7.9: Comparison of the time histories of the solid displacement for the tube test
case, using LC-NR-MD scheme (Algorithm 6.2 with τ = 10−4) and LC-RR-MD (Algo-
rithm A.3), comparing different values of α.

Figure 7.10: Time history of the solid displacement for the tube test cases, using the
LC-NR-MD-CI (Algorithm B.3 with α = 50 and τ = 10−4) with different correction
iterations.

Correction iterations α = 50 α = 100 α = 200
K = 0 0.7149 0.4637 0.2921
K = 1 0.4518 0.2662 X
K = 2 0.3327 X X
K = 3 0.2739 X X

Table 7.4: L2-difference between the time history of the average solid displacement ob-
tained with the LC-NR-MD-CI (Algorithm B.3) and the one obtained with the monolithic
solver (Algorithm 6.1) on the tube test case.
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8| Conclusions and future

developments

This thesis focused on the numerical analysis of Robin-based loosely coupled schemes
for fluid-structure interaction, to allow for the possibility of using separate solvers. We
provided a detailed analysis for the stability and convergence in regimes involving large
added mass effects.

We started with the classical Robin-Neumann scheme and we continued presenting a
reversing strategy: the Neumann-Robin scheme, which represents the main study of this
thesis. In the latter, the solid subproblem is solved with a Robin boundary condition and
the fluid with a Neumann condition. For both schemes we derived a stability criteria,
using energy-based arguments. The Robin-Neumann scheme has been shown to be stable
for a wide range of Robin parameters for BDF1, under a CFL-like condition, while the
choice of mid-point scheme in the solid resulted unconditionally unstable. On the other
hand, the Neumann-Robin scheme appears to be less robust with respect to the Robin
parameter, having a smaller range of appropriate α, but it results conditionally stable
for both BDF1 and mid-point in the solid. Contrary to classical intuition, this reversal
imposes an additional numerical damping effect on the solid velocities analogous to viscous
damping, enhancing energy dissipation exclusively on the solid side. In both cases, the
schemes are more accurate as the value of α increases, marking a significant difference
with the Robin-Robin scheme, where α cannot be too large nor too small.

All the theoretical findings have been checked with standard benchmarks in FreeFem++

and FELiScE. They also show that both schemes are able to achieve optimal accuracy,
but the choice of α is highly crucial in the accuracy of the solution, as well as the value
of τ . In fact, for the 2D balloon and the 3D tube, the reversed Robin-Neumann scheme
struggles to reach the same accuracy as the Robin-Robin scheme when the time-step τ

is not sufficiently small. Another key aspect is the number of correction iterations, that
along with the choice of α, play a crucial role in improving the accuracy of the solution.

The present work can be developed and improved with the followings:
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• Axisymmetric configurations: it can be interesting to modify and extend the linear
formulation into an axisymmetric formulation. This helps reduce a 3D formulation
to a 2D case, by assuming that variables only depend on the radial and axial coor-
dinates, not on the angular coordinate. In the context of this thesis, extending the
formulation to be axisymmetric means adapting and correcting the numerical and
mathematical model to accurately reflect the physics under this symmetry assump-
tion;

• More complex simulations: FSI problems that are encountered in nature often in-
volve domains that are much more complex to the ones we addressed in this thesis.
For instance, in the field of haemodynamics, simulating heart valves, which interact
with moving leaflets represents a more realistic and challenging scenario;

• Improved optimization of the Robin parameters: another crucial improvement could
be done on the calibration of the Robin parameter α. In this thesis, we have em-
ployed a formulation to determine the optimal value based on a strongly coupled
method applied to a potential flow model, which is simpler than the more complex
scenarios studied here. Future work might be dedicated to studying a better way
to find this parameter in 3D cases.
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In this appendix, Algorithms A.1 and A.2 report the fully discrete formulations of the
Robin-Robin scheme (see [13, 14]). We use the following notation

∂τf
n :=

fn − fn−1

τ
, fn− 1

2 :=
fn + fn−1

2
,

where f is a generic variable.

We also report below in Algorithm A.3 the LC-RR-MD applied to the nonlinear problem
(see Algorithm 1 in [13]).

Algorithm A.1 Loosely coupled scheme with Robin-Robin interface conditions and BDF1
time discretization (LC-RR-BDF1)
Given u0

h,d
0
h, ḋ

0
h,λ

0
h and α, ∀n ≥ 1:

1. Solid subproblem: find (dn
h, ḋn

h) ∈ Vs
h ×Vs

h, such that ḋn
h = ∂τdn

h and

ρs
∫
Ωs

∂τ ḋ
n
h · ξh + as(dn

h, ξh) + α

∫
Σ

(ḋn
h − un−1

h ) · ξh = −
∫
Σ

λn−1
h · ξh

for all ξh ∈ Vs
h.

2. Fluid subproblem: find (un
h, p

n
h) ∈ Vf

h ×M f
h such that

ρf
∫
Ωf
∂τun

h · vh + af
h((u

n
h, p

n
h), (vh, qh)) + α

∫
Σ

(un
h − ḋn−1

h ) · vh =

∫
Σ

λn−1
h · vh

for all (vh, qh) ∈ Vf
h ×M f

h.
3. Fluid-stress update: set λn

h ∈ Vg
h as

λn
h = λn−1

h + α(ḋn−1
h − un

h) on Σ.



104 A| Robin-Robin loosely coupled schemes

Algorithm A.2 Loosely coupled scheme with Robin-Robin interface conditions and mid-
point time discretization (LC-RR-MD)
Given u0

h,d
0
h, ḋ

0
h,λ

0
h and α, ∀n ≥ 1:

1. Solid subproblem: find (dn
h, ḋn

h) ∈ Vs
h ×Vs

h, such that ḋn
h = ∂τdn

h and

ρs
∫
Ωs

∂τ ḋ
n
h · ξh + as(dn

h, ξh) + α

∫
Σ

(ḋ
n− 1

2
h − un−1

h ) · ξh = −
∫
Σ

λn−1
h · ξh

for all ξh ∈ Vs
h.

2. Fluid subproblem: find (un
h, p

n
h) ∈ Vf

h ×M f
h such that

ρf
∫
Ωf
∂τun

h · vh + af
h((u

n
h, p

n
h), (vh, qh)) + α

∫
Σ

(un
h − ḋ

n− 1
2

h ) · vh =

∫
Σ

λn−1
h · vh

for all (vh, qh) ∈ Vf
h ×M f

h.
3. Fluid-stress update: set λn

h ∈ Vg
h as

λn
h = λn−1

h + α(ḋ
n− 1

2
h − un

h) on Σ.
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Algorithm A.3 Loosely coupled scheme with Robin-Robin interface conditions and mid-
point scheme (LC-RR-MD) applied to the non linear problem
Given u0

h,d
f,0
h ,d0

h, ḋ
0
h,λ

0
h and α, find ∀n ≥ 1:

1. Solid subproblem: find (dn
h, ḋ

n
h) ∈ Vs

h ×Vs
h, such that ḋ

n− 1
2

h = ∂τdn
h and

ρs
∫
Ωs

∂τ ḋ
n
h · ξh +

∫
Ωs

Σ̃
n− 1

2

h : ∂d(E
n− 1

2
h )ξh + α

∫
Σ

(ḋn− 1
2 − ûn−1

h ) · ξh

=

∫
Σ

λ
n− 3

2
h · ξh

for all ξh ∈ Vs
h.

2. Update fluid domain:

df,n
h = L(dn−1

h |Σ), wn
h = ∂τd

f,n
h , An

h = IΩf + d f,n
h , Ωf,n = An

h(Ω
f).

3. Fluid subproblem: find (ûn
h, p̂

n
h) ∈ Vf

h ×M f
h such that

ρf

τ

(∫
Ωf,n

un
h · vh−

∫
Ωf,n−1

un−1
h · vh

)
+ aΩf,n(un−1

h ,wn
h; (u

n
h, p

n
h), (vh, qh))

+ α

∫
Σ

(ûn
h − ḋ

n− 1
2

n ) · vh = −
∫
Σ

λn−1 · vh

for all (vh, qh) ∈ Vf
h ×M f

h.
4. Fluid-stress update: set λn

h ∈ Vg
h as

λn
h = λn−1

h + α(ḋ
n− 1

2
h − ûn

h) on Σ.
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B| Neumann-Robin loosely
coupled scheme with
correction iterations

In this appendix, we want to state the formulation of the LC-NR-BDF1 and LC-NR-MD
with correction iterations. We introduce the following notation:

∂τf
n,k :=

fn,k − fn−1

τ
, fn− 1

2
,k :=

fn,k + fn−1

2

where f is a generic variable, and fn,k is the approximation of fn at the k-th subiteration.

The formulations are reported in Algorithms B.1 and B.2.

Note that when K = 1, the algorithms reduce to the original formulations without correc-
tion iterations (Algorithms 3.1 and 3.2 respectively). On the other hand, when K → ∞,
i.e. when we iterate until convergence, we retrieve the strongly coupled scheme (Algorithm
2.1).

The same scheme can also be applied to the nonlinear problem (6.2). The formulation is
reported in Algorithm B.3. Again, when K = 1, it reduces to Algorithm 6.2, whereas,
when K → ∞, it coincides with Algorithm 6.1.
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Algorithm B.1 Loosely coupled scheme with Neumann-Robin interface conditions and
BDF1 time discretization with K ≥ 1 correction iterations (LC-NR-BDF1-CI)
Given u0

h,d
0
h, ḋ

0
h,λ

0
h and α, find ∀n ≥ 1:

• Initialize iteration k = 0:

un,0
h = un−1

h , dn,0
h = dn−1

h , ḋn,0
h = ḋn−1

h , λn,0
h = λn−1

h .

• Repeat for k = 1, . . . , K:
1. Solid subproblem: find dn,k

h , ḋn,k
h ∈ Vs

h, such that ḋn,k
h = ∂τd

n,k
h and

ρs
∫
Ωs

∂τ ḋ
n,k
h · ξh + as(dn,k

h , ξh) + α

∫
Σ

(ḋn,k
h − un,k−1

h ) · ξh =

∫
Σ

λn,k−1
h · ξh

for all ξh ∈ Vs
h.

2. Solid-stress update: set λn,k
h ∈ Vg

h as

λn,k
h = λn,k−1

h + α(un,k−1
h − ḋn,k

h ) on Σ.

3. Fluid subproblem: find (un,k
h , pn,kh ) ∈ Vf

h ×M f
h such that

ρf
∫
Ωf
∂τu

n,k
h · vh + af

h((u
n,k
h , pn,kh ), (vh, qh)) = −

∫
Σ

λn,k
h · vh

for all (vh, qh) ∈ Vf
h ×M f

h.
• Update:

un
h := un,K

h , dn
h := dn,K

h , ḋn
h := ḋn,K

h , λn
h := λn,K

h .
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Algorithm B.2 Loosely coupled scheme with Neumann-Robin interface conditions and
mid-point time discretization with K ≥ 1 correction iterations (LC-NR-MD-CI)
Given u0

h,d
0
h, ḋ

0
h,λ

0
h and α, find ∀n ≥ 1:

• Initialize iteration k = 0:

un,0
h = un−1

h , dn,0
h = dn−1

h , ḋn,0
h = ḋn−1

h , λ
n− 1

2
,0

h = λ
n− 3

2
h .

• Repeat for k = 1, . . . , K:
1. Solid subproblem: find dn,k

h , ḋn,k
h ∈ Vs

h, such that ḋ
n− 1

2
,k

h = ∂τd
n,k
h and

ρs
∫
Ωs

∂τ ḋ
n,k
h · ξh + as(dn− 1

2
,k

h , ξh) + α

∫
Σ

(ḋ
n− 1

2
,k

h − un,k−1
h ) · ξh

=

∫
Σ

λ
n− 1

2
,k−1

h · ξh

for all ξh ∈ Vs
h.

2. Solid-stress update: set λ
n− 1

2
,k

h ∈ Vg
h as

λ
n− 1

2
,k

h = λ
n− 1

2
,k−1

h + α(un,k−1
h − ḋ

n− 1
2
,k

h ) on Σ.

3. Fluid subproblem: find (un,k
h , pn,kh ) ∈ Vf

h ×M f
h such that

ρf
∫
Ωf
∂τu

n,k
h · vh + af

h((u
n,k
h , pn,kh ), (vh, qh)) = −

∫
Σ

λ
n− 1

2
,k

h · vh

for all (vh, qh) ∈ Vf
h ×M f

h.
• Update:

un
h := un,K

h , dn
h := dn,K

h , ḋn
h := ḋn,K

h , λ
n− 1

2
h := λ

n− 1
2
,K

h .
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Algorithm B.3 Loosely coupled scheme with Neumann-Robin interface conditions and
mid-point scheme in the solid and K ≥ 1 correction iterations (LC-NR-MD-CI) applied
to the non linear problem
Given u0,df,0

h ,d0, ḋ0,λ0
h and α, find ∀n ≥ 1:

• Update fluid domain:

df,n
h = L(dn−1

h |Σ), wn
h = ∂τd

f,n
h , An

h = IΩf + d f,n
h , Ωf,n = An

h(Ω
f).

• Initialize iteration k = 0:

un,0
h = un−1

h , dn,0
h = dn−1

h , ḋn,0
h = ḋn−1

h , λ
n− 1

2
,0

h = λ
n− 3

2
h .

• Repeat for k = 1, . . . , K

1. Solid subproblem: find (dn,k
h , ḋn,k

h ) ∈ Vs
h ×Vs

h, such that ḋ
n− 1

2
,k

h = ∂τd
n,k
h and

ρs
∫
Ωs

∂τ ḋ
n,k
h · ξh +

∫
Ωs

Σ̃
n− 1

2
,k

h : ∂d(E
n− 1

2
,k

h )ξh + α

∫
Σ

(ḋn− 1
2
,k − ûn,k−1

h ) · ξh

=

∫
Σ

λ
n− 1

2
,k−1

h · ξh

for all ξh ∈ Vs
h.

2. Solid-stress update: set λ
n− 1

2
,k

h ∈ Vg
h as

λ
n− 1

2
,k

h = λ
n− 1

2
,k−1

h α(ûn−1 − ḋn− 1
2
,k) on Σ.

3. Fluid subproblem: find (û,k
h , p̂

n,k
h ) ∈ Vf

h ×M f
h such that

ρf

τ

(∫
Ωf,n

un,k
h · vh −

∫
Ωf,n−1

un−1
h · vh

)
+ aΩf,n(un−1

h ,wn,k
h ; (un,k

h , pn,kh ), (vh, qh))

=

∫
Σ

Jnσ̂(un,k, pn,k)(Fn,k)−Tn̂ · vh

for all (vh, qh) ∈ Vf
h ×M f

h.
• Update:

un
h := un,K

h , dn
h := dn,K

h , ḋn
h := ḋn,K

h , λ
n− 1

2
h := λ

n− 1
2
,K

h .
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List of Symbols and Nomenclature

All the main symbols and acronyms are summarized in the following table.

Symbol Description
Ωs Solid domain

Ωf Fluid domain

Σ Interface

ρs Solid density

ρf Fluid density

µ Fluid viscosity

d Solid displacement

ḋ Solid velocity

u Fluid velocity

p Fluid pressure

σ(u, p) Fluid stress tensor

σ(d) Solid stress tensor

ϵ(u) Strain rate tensor of the fluid

ϵ(d) Strain tensor of the solid

L1, L2 Lamè coefficients

α Robin parameter

τ Time step size

h Mesh size

ALE Arbitrary Lagrangian-Eulerian

BDF1 Backward Differentiation Formula of order 1

CI Correction iterations

CFL Courant-Friedrichs-Lewy condition

FSI Fluid-Structure Interaction

LC Loosely coupled
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Symbol Description
MD Mid-point scheme

MONO Monolithic scheme

NR Neumann-Robin scheme

PDE Partial Differential Equation

RN Robin-Neumann scheme

RR Robin-Robin scheme

SC Strongly coupled

All the algorithms in this thesis are denoted using a precisely defined nomenclature, with
the following structure:

• SC, LC, MONO: defines the type of coupling (strongly coupled, loosely coupled or
monolithic);

• RR, RN, NR: specifies the update strategy for the coupling conditions (Robin-Robin,
Robin-Neumann or Neumann-Robin);

• BDF1, MD: represents the time stepping scheme (Backward Differentiation Formula
of order 1 or Mid-point). The fluid is always treated with BDF1, while the solid
equation can be treated either with BDF1 or MD. As a consequence, this label will
specify the time discretization of the solid;

• CI: the presence of this label identifies if the algorithm employs correction iterations.

Following this notation, the scheme LC-RN-BDF1-CI will identify a loosely coupled
scheme with Robin-Neumann interface coupling, time-integrated using the BDF1 scheme
in the solid and the fluid, and employing correction iterations.
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